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PLANE TRIGONOMETRY. 



SoABCBLY any department of Mathematics ia more impor- 
tant, or more extensive in its applications, than Trjgonometiy. 
By it the mariner traces his path on the ocean ; the geogra- 
pher determines the latitude and longitude of places, the di- 
mensions and positions of countries, the altitude of mountains, 
the courses of rivers, &c., and the astronomer calculates the 
distances and magnitudes of the heavenly bodies, predicts the 
eclipses of the sun and moon, and measures the progress of 
light from the stars. 

The section on right angled triangles in this treatise, may 
perhaps be considered as needlessly minute. The solutions 
might, in all cases, be effected by the theorems which are 
given for oblique angled triangles. But the applications of 
rectangular trigonometry are so numerous, in navigation, sur- 
veying, astronomy, &c-, that it was deemed important, to ren- 
der familiar the various methods of staling the relations of the 
sides and angles ; and especially to bring distinctly into view 
the principle on which most trigonometrical calculations are 
founded, the proportion between the parts of the given tri- 
angle, and a similar one formed from the sines, tangents, &c., 
in the tables. 

As this treatise is intended to form a part of Day and 
Thomson's Course of Mathematics for the use of Schools and 
Academies, the references to Algebra are made to Thomson's 
Abridgment; and the references to Geometry, to Thomson's 
Legendre, as well as to Euclid's Elements. 
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LOGARITHMS. 



NATURE OP L0GABITBM9. 

Art. 1. The operatioDs of Multiplication and Division, 

whea they are to be often repeated, become so laborious, 
that it is an object of importance to substitute, in their 
stead, more simple methods of calculation, such as Addition 
and Subtraction. If these can be made to perform, in an 
eipeditious manner, the office of multiplication and division, 
a great portion of the time and labor which the latter pro- 
cesses require, may be saved. 

How it has been shown, (Algebra, 189, 193,) that powers 
may be multiplied by adding their exponents, and divided, 
by subtracting their exponents. In the same manner, roots 
may be multiplied and divided, by adding and subtracting 
their fractional eiponents. (Aig., 232, 239.) When these 
exponents are arranged in tables, and applied to the general 
purposes of calculation, they are called Logarithms. 

2. LOGARITHMS, then, ark the EXPONENTS op a 

In forming a system of logarithms, some particular num- 
ber is fixed upon, as the hose, radix, or first power, whose 
logarithm is always 1. From this a series of powers is 
raised, and the exponents of these are arranged in tables for 
Qse. To ezpl^ this, let the niimber which is chosen for.the 
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I OP LOGABTTHUS. 



first power be represented by a. Then taking a series rf 
powers, both direct and reciprocal, as in Alg. 163 ; 



The li^arithm of «' is S.eni the lagaiithm of « ' is — 1, 
of o' is 1, of o-* is— 2, 

of a' is 0, of oT' is — 3, &c. 

Universally, the logarithm of a" is x. 

3. In the system of logarithms in common use, called 
Briggs's logarithms, the number which is taken for the radix 
or base is 10. The above series, then, by substituting 10 
for a, becomes 

10*, 10", 10', 10', 10*, 10~', 10"*, 10*', tte. 
Or 10000, 1000, 100, 10, 1, -h, tJtt. -nVir, ifec. 
Whose logarithms are 
4, 3, 2, 1, 0, —1, —3, —3, &c. 

4. The fractional exponents of roots, and of powers Of 
roots, are converted into decimals, before they are inserted 
in the logarithmic tables. See 

The logarithm of a , or a ' ■ 

of a , or a ° ■ 

o"^,oro'-""", is 3.6666, &c. 

These decimals are carried to a greater or less number of 
places, according to the degree of accuracy required. 

5. In forming a system of logarithms, it is necessary to 
(ibtsin the logarithm of each of the numbers in the natural 
series 1, 2, 3, 4, S, &c. ; so that the logarithm of any num- 
her may be found in the tables. For this purpose, the radix 
of the system must first be determined upon ; and then every 
Other Utimber may be considered as some power or root of 
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NATDRE) 01' loQAswawB. 9 

this. If tii» T&dis IB 10, as in the oommon sjstem, ereiy 
other numher is to he considered as some power of 10, 

If the e:q)oneat is a fraction, and the numerator be in- 
creased, the power will be increased ; but if the denominator 
be increased, the power will be diminished, 

6, To obtain tben the logarithm of any number, according 
to Briggs's system, we have to find a power or root of 10 
which shall be equal to the proposed number. The exponent 
of that power or root is the logarithm required. Thus 



20=10'-' 

30=10' ■' 
400r=10'-' 



fof T is 0.8451 
of 20 is 1.3010 
of 30 is 1.4771 
of 400 is 2.6020, Ac. 



7. A logarithm generally consists of two parts, an integer 
and a decimal. Thus the logarithm 2.60206, or, as it is 
sometimes written, 3-}--60206, consists of the integer 2, and 
the decimal .60206. The integral part is called the charac- 
teristic or index* of the logarithm ; and is frequently onaitted, 
in the common tables, because it can be easily supplied, 
whenever the logarithm is to be used in calculation. 

By art. 3d, the logarithms of 

10000, 1000, 100, 10, 1, .1, .01, .001, &c. 
sre 4, 3, 2, 1, 0, —1, — 2, — 3, &o. 

As the logarithms of 1 and of 10 are and 1, it is evident, 
that, if any given number be between 1 and 10, its logarithm 
will be between and 1, that is, it will be greater than 0, 
hut less than 1. It will therefore have for its indei, with 
a decimal annexed. 

Thus, the logarithm of 5 is 0.69897. 

* The term index, as it is used iiere, may possibly leaj to some con- 
fusion in the mind of the learner. For the logarithm itself is (he index 
or exponent of a power. The characteristic, therttbre, is the index of 
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10 NATURE OF LOOABITHMS. 

For the same reason, if the g^ven number be between 
10 and 100, \ the log. ( 1 and 2, Le, 1+the dec, part. 
100 and 1000, [ will be ] 2 aad 3, 2+the dec. part. 
1000 and 10000, ) between ( 3 and 4, 3+the dec. part. 

We have, therefore, when the logarithm of an integer or 
mixed number is to be found, this general rule : 

8. The index of the logarithm, ts always one less, than the 
number of integral figures, in the natural ntimiter whose loga- 
rithm is sought: or, the index show.s how far the first figure 
of the natural number is removed from the place of units. 

Thus, the logarithm of 37 ia 1.56820. 

Here, the number of figures being two, the index of the 

a is 1. 



The logarithm of 253 is 2.40312. 
Here the proposed number 253 consists of three figures, 
the first of which is in the second place from the unit figure. 
The index of the logarithm is therefore 2. 

The logarithm of 62.8 is 1.79T96. 

Here it is evident that the mixed number 62.8 is between 
10 and 100. The index of its logarithm must, therefore, 
be 1. 

9. As the logarithm of I is 0, the logarithm of a number 
less than 1, that is, of any proper /roe (ion, must be negative. 

Thus, by art. 3d, 

The logarithm of iV or .1 is —1, 
of 1+5 or .01 is —2, 
of -nVir or .001 is ~3, &c. 

10. If the proposed number is between -i-tr and tiVo', 'f^ 
logarithm must be between — 3 and — 3. To obtain the 
logarithm, therefore, we must either subtract a certain frac- 
tional part from — 2, or add a fractional part to — 3 ; that 
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NATURE or LOGARITHMS. 11 

ia, we must either annei a negative decimal to — 2, or a j«M- 
itive one to — 3, 
Thus, the logarithm 

of .008 is either— 2— .09691, or— 3+00309.* 

The latter is generally most convenient in practice, and is 

more commonly written 3.90309. The line over the index 

denotes, that that is negative, while the decimal part of thi* 

logarithm is positive. 

/ of 0.3, is 1747712, 
The logarithm } of 0.06, is 2777815, 
( of 0.009, is "3.95424, 
And universally, 
11. The negative index of a logarithm shows how far the 
first significant figure of the nat-aral Kamher, is removed from, 
ike place of units, on the right ; in the same manner aa a pos- 
itive index shows how far the first figure of the natural num- 
ber is removed from the place of units on the left. (Art. 8.) 
Thus, in the examples in the last article. 



The decimal i 



a the ^rst place from that of units, 
n the second place, 
n the third place ; 



And the indices of the logarithms are 1, 2, and 3. 
13. It is often more convenient, however to maie the in- 
dex of the logarithm positive, as well as the decimal part. 
This is done by adding 10 to the index. 

Thus, for — 1, 9 is written, for —2, 8, &c. 
-1 + 10=9, — 2+10=8, &c. 



• That these two expresBionB are of the same valae will be evident, 
if we Gublracl (he same quantity, +.90309 from each. The remainders 
will be equal, anJ therefore the quan^tie* fifom which the subtraetion is 
made must be equal. 
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19 MATURB OF 

With tliis alteration, 

/ T90309 J r 9.90309, 

The logarithm J ^.90309 > becomes J 8.90309, 

( "3.80309 J ( 7.S08O9, &c. 

This is making the indes of the logarithm 10 too great. 
But with proper caution, it will lead to no error in practice. 

13. The sum of the logarithms of two numhers, is the 
logarithm of the product of those numbers ; and the differ- 
ence of the logarithms of two numhers, is the logarithm of 
the quotient of one of the numbers divided by the other, 
(Art. 2,) In Briggs's system, the logarithm of 10 is 1. (Art. 
3.) If therefore any number he multiplied or divided by 10, 
its logarithm will be increased or diminished by 1 : and as 
this is aa integer, it will only change the itidex of the loga- 
rithm, without afiectiug the decimal part. 

Thus, the logarithm of 4730 is 3.67486 
And the logarithm of 10 is 1. 
The logarithm of the product 47300 is 4.67486 
And the logarithm of the quotient 473 is 2.67486 

Here the index only is altered, while the decimal part re- 
mains the same. We have then this important property, 

14, The DECIMAL PART of the logarithm of any number is 
the same, as that of the number multiplied or divided hy 10, 
100, 1000, &c. 



s the log. of 45670, is 4.65963 




4567, 3.65963 




456.7, 2.65963 




46.67, 1.65963 




4.567, 0.65963 




.4567, 1.65963 


or 9.65963, 


.04567, 2165963 


8.65963, 


.004567, 3765963 


7.65963 




s system, is ot 
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13 

great use in abridging the logarithmic tables. For when 
we have the iogarithm of any number, we have only to 
change the index, to obtain the logarithm of every other 
number, whether integral, fractional, or mixed, consisting of 
the same significant figures. The decimal part of the loga- 
rithm of a fraction found in this way, is always positive. For 
it is the same as the decimal part of the logarithm of a 
whole number. 

17. If a series of numbers be in geometrical progressum, 
tkeir logarithms will be in akithmemcal progression. For, 
in a geometrical series ascending, the quantities increase by 
a common mulliplier ; (Aig. 359.) That is, each succeeding 
term is the product of the preceding term into the ratio. 
But the logarithm, of this product is tl e sum, of the logarithms 
of the preceding term and the ratio ; that is, the logarithms 
increase by a common addition, and are, therefore, in arith- 
metical progression. {A!g. 326.) In a geometrical progres- 
sion descending, the terms decrease by a common divisor, and 
their logarithms, by a common difference.* 

Thus, the numbers 1, 10, 100, 1000, 10000, &c., are in 
geometrical progression. 

And their logarithms 0, 1, 2, 3, 4, etc., are in arithmetical 
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SECTION II. 



DIB ACTIONS FOR TAKING 

HERS FROM THE TABLES.* 

Art. 24. The purpose which logarithms are intended to 
answer, is to enable us to perform arithmetical operations 
with greater expeditkm, than hy the common methods. Be- 
fore any one can avail himself of this advantage, he must 
become so familiar with the tables, that he can readily find 
the logarithm of any number ; and, on the other hand, the 
number to which any iogarithm belongs. 

In the common tables, the trtdtces to the logarithms of the 
first 100 numbers are inserted. But, for all other numbers, 
the decimal part only of the logarithm is giveu ; while the 
index is left to he supphed, according to the principles in 
Arts. 8 and 11. 

25. To f,nd the logarithm of any nuniber between 1 and 
100: 

Look for the proposed number, on the left ; and against it, 
in the nei:t column, will he the logarithm, with its index 
Thus, 

The log. of 18 is 1.26527. The log. of tS is 1.86332. 

26. To find the logarithm of any number between 100 and 
1000 ; or of any number consisting of not more than three 
significant figures, with ciphers annexed. 

• The bast English Tables ate Hulton's in 8vo. and Taylor's in 4to. 
In these, the logarithms are carried to seven places of deeiinals, and 
proportional parts are placed in the margin. The smaKer tables are nu- 
merous ; and, nhen accoTatel; printed, are sufficient (at comoioii cnl- 
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THE LOGAHITHMIC TABLES. 16 

Bi the smaller tables, the three first figures of each num- 
ber, are g-enerally placed in the left hand column ; and the 
fourth figure is placed at the head of the other columns. 

Any number, therefore, between 100 and 1000, maybe 
found on the left hand ; and directly opposite, in the next 
column, is the decimal part of its logarithm. To this the 
index must be prefixed, according to the rule in Art. 8. 



If there are ciphers annexed to the significant figures, the 
logarithm may be found in a similar manner. For, by Art. 
14, the decimal part of the logarithm of any number is the 
same, as that of the number multiplied into 10, 100, &c. 
All the difference will be in the index ; and this may be sup- 
plied by the same general rule. 

The lag. of 4580 is 3.6608':, The log. of 326000 is 5.51322, 
of 79600 4.90091, of 8010000 6.90363. 

27. To find the logarithm of any number cormstinff of 
FOUR figures, either with, or without, ciphers annexed. 

Look for the three first figures, on the left hand, and for 
the fourth figure, at the head of one of the columns. The 
logarithm will be found, opposite the three first figures, and 
in the column which, at the head, is marked with the fourth 
figure.* 

Thelog. of 6234 is 3.79477, The log. of 783400 is 6.89398, 
of 5231 3.71858, of 6281000 6.79803. 

28. To find the logarithm of a number containing more 
than pouft significant figures. 

By turning to the tables, it will be seen, that if the differ- 
tnces between several numbers be small, in comparison with 
the numbers themselves ; the differences of the logarithms 

• In Taylor's, Hultoii's, and other tables, firur figures are placed in 
the Utt hand column, and thefifih at the top of the page. 
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will be nearly proportioned to the differences of the nwmfterj. 
Thus, 

The log. of 1000 is 3.00000, Here the differences in the 
of 1001 3.00043, numbers are, 1, 2, 3, 4, ifec, 
of 1002 3.00087, and the corresponding dif- 
of 1003 3.00130, ferences in the logarithms, 
of 1004 3.00173, &c. are 43, 87, 130, 173, &c. 
Now 48 is nearly half of 87, one-third of 130, one-fourth 
of 173, &G 

Upon this principle, we may find the logarithm of a num- 
ber which is between two other numbers whose logarithms 
are given by the tables. Thus, the logarithm of 21716 is 
not to be found in those tables which give the numbera to 
four places of figures only. 

But by the table, the log. of 21720 is 4.33886 
and the log. of 21710 is 4.33666 
The difference of the two numbers is 10 ; and that of the 
logarithms 20. 

Also, the difference between 21710, and the proposed num- 
ber 21716, is 6. 

If, then, a difference of 10 in the numbers 
make a difference of 20 in the logarithms : 
A difference of 6 in the numbers will 
make a difference of 12 in the logarithms. 
That is, 10:20::6: 12. 
If,therefore,12beadc!ed to 4.33666, the log, of 21710; 
The sum will be 4.33678, the log. of 21716. 

We have, then, this 



To find the logarithm of a number consisting of more than 
four figures: 
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TAKES. 17 

Take oat the logarithm of two numbers, one greater, «nd 
lire other less, than the nitmber proposed : Find the differ- 
ence of the two numbers, and the difference of their loga- 
lithms ; Take a!so the difference between the least of the 
two numbers, and the proposed number. Then say, 
As the difference of the two numbers. 
To the di^rence of their logarithms ; 
So is the difference between the least of the two num- 
bers, and the proposed number. 
To the proportional part to be added to 
the least of the two logarithma. 
It will generally be expedient to make ^efintfourjlguret, 
in the least of the two numbers, the same as in the proposed 
number, substituting ciphers, for the remaining fig-ures; anil 
to make the greater number the same as the less, with the 
addition of a unit to the last significant figure. Thus, 
For 36843, take 36840, and 36860, 
For 792674, 792600, 793700, 

For 6637825, 6537000, 6538000, &c. 
The first term of the proportion will then be 10, or 100, 
or 1000, &c. 

Ex. 1, Required the logarithm of 362572, 

The logarithm of 362600 is 6.85943 

of 362500 5.55931 

Thedifferencesare 100, and 12. 

Then 100 : 12 : : 72 : 8.64, or 9 nearly. 
And the log. 5.55931+9=5.55940, the log. reqnired. 

Ex. 2. The log. of 78264 is 4.89356 

3. The log. of 143542 is 6.16698 

4. The log. of 1129535 is 6.05290. 

By a little practice, such a facility in abridging these cal- 
c^ti«is may be acquired, that the iogan^tms may be t^en 
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18 TBE LOGABITBIIIIC TABLES. 

out, in a very short time. When great accuracy is not re- 
quired, it wil! be easy to make an allowance sulGciently near, 
without formally stating a proportion. In the larger tahlea, 
the proportional parts which are to he added to the loga- 
rithms, are iJready prepared, and placed in the margin. 

29. To find the logarithm of a decimal fraction. 

The logarithm of a decimal is the same as that of a whole 
nmnher, excepting the ivdex. {Art. 14.) To find then the 
logarithm of a decimal, take out that of a whole number 
consisting of the same figures ; observing to make the neg^ 
ative index eq^ial to the distance of the first significant figuTt 
sf ike fractirm from, ^e place of units. (Art. II.) 

The log. of 0.07643, is'2!88326, or 8.88326, (Art. 12.) 
of 0.00259, 3141330, or 7.41330, 

of 0.0006278, 4;'79782, or 6.79782. 

30. To find the logarithm of a misbc decimal numha; 

Find the logarithm, in the same manner as if all the fig- 
urea were integers ; and then prefix the index which belongs 
to the integral part, according to Art, 8. 

The logarithm of 26.34 is 1.42062. 
The indei here is 1, because 1 is the index of the loga- 
rithm of every number greater than 10, and less than 100. 
(Art. 7.) 
The log. of 2.36 is 0.37291, The log. of 304.2 is 2.56134, 
of 37.8 1.44404, of 69.42 1.84148. 

31. To find the logarithm of a ydloar fractiou. 

From the nature of a vulgar fraction, the numerator maj 
be considered as a, dividend, and the denominator as a c^m- 
sor ; in other words, the value of the fraction is equal to 
the quotient of the numerator divided by the denominator 
(Alg. 110.) But in logarithms, division is performed bysufi- 
traction ; that is, the difference of the logarithms of two num- 
bers, is the logarithm of the quotient of those numbers. 
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TBB LOOAKITHUIC TASLES. 19 

(Art. 1 .) To find then the logarithm of a vulgar fraction, 
subtract the logarithm of the denominator from that of the wu- 
merator. The difference will be the logarithm of the frac- 
tion. Or the logarithm may be fownd, by first reducing the 
vulgar fraction to a decimal. If the numerator is less than 
the denominator, the index of the logarithm must be neg- 
ative, because the value of the fraction is less than a unit. 
(Alt. 9.) 

Required the logarithm of ^. 

The Ic^. of the numerator is 1.53148 
of the denominator 1.93952 

of the fraction 1.59196, or 9.59196. 
The logarithm of -,ViV is 2!66362, or 8.66362. 
of rsVs- 3104376, or 7.04376. 
33. If the logarithm of a mixed number is required, re- 
duce it to an improper fraction, and then proceed as before. 

The logarithm of 3^=^ is 0.57724. 



33. To find the hatuhal number belonging to any loga- 
rithm. 

In computing by logarithms, it is necessary, in the first 
place, to take from the tables the logarithms of the numbers 
vrhich enter into the caJcuIatton ; and, on the other hand, at 
the close of the operation, to find the number belonging to 
the logarithm obtained in the result. This is evidently done 
by reversing the methods in the preceding articles. 

Where great accuracy is not required, look in the tables 
for the logarithm which is nearest to the given one ; and di- 
rectly opposite on the left hand, will be found the three first 
figures, and at the top, over the logarithm, the/oarlh figure 
of the number required. This number, by pointing off deo- 
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tnt^, or by oddity ciphers, if necessaty, mast be made to 
correspond with the index of the given logarithm, according 
to Arts. 8 and 11. 

The natural number belonging 

to 3.86493 is 1321, to ^62572 is 42.24, 

to 2.90I4I 796.9, to 2.89115 0.07783. 
In the last example, the indes requires that the first signi- 
flcant figure should be in the secoad place from units, and 
therefore a cipher must be prefixed. In other instances, it 
is necessary to annes: ciphers on the right, so as to make 
the number of figures exceed the index by 1. 
The natural number belonging 

to 6.71567 is 5196000, to 3765677 is 0.004537, 
to 4.67062 46840, to 4759802 0.0003963. 

34. When great accuracy is required, and the given loga- 
rithm is not exactly, or very nearly, found in the tables, it 
■will be necessary to reverse the rule in Art. 28. 

Take from the tables two logarithms, one the next greater, 
the other the next less than the given logarithm. Find 
the difference of the two logarithms, and the difference of 
^eir natural nmnbers ; also the diflference between the least 
of the two logarithms, and the given logarithm. Then say, 
As the difference of the two logarithms, 
To the difference of their numbers ; 
So is the difference between the given 

logarithm and the least of the other two, 

To the proportional part to be added to 

the least of the two numbers. 

Required the number belonging to the logarithm 2.67325. 

Kextgreat.log.2.67330. Itsnumb. 471.3. Givenlog. 2,67325. 

Jleitless 2.67321. Itsnumb. 471.2. Nest less 2.67321. 
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THB LOGARITHMIC TABIHS. 

Then, 9 : 0.1 : : 4 r 0.044, which is to be adi 
to the number 471.2 
The number required is 471.244. 
The natural number belonging 

to 4.37627 is 23783.46, to 1.73698 is 64.67367, 
to 3.69479 4952.08, to T09214 0.123635. 



35. Correetion of the Tables. — The tables of logarithms 
have been so carefully and so repeatedly calculated, by the 
ablest computers, that there is no room left to question their 
general correctness. They are not, however, exempt from 
the common imperfections of the press. But an error of this 
kind is easily corrected, by comparing the logarithm with 
ai^ two others to whose wm or difference it ought to be 
equal, (Art. 1.) 

Thus 48=24X2=16X3=12X4=8X6. Therefore, the 
logarithm of 48 is equal to the swn. of the logarithms of 24 
and 2, of 16 and 3, &c. 

And, 3=f=-V=V=-S'=-V-. &c. Therefore, the loga- 
rithm of 3 is equal to the difference of the logarithms of 6 
and 2, of 12 and 4, &c. 
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UULTIPLICATIOM BY LOQARITHUS. 



SECTION III. 

METHODS OF CALCULATING BY LOGARITHMS. 

Art. 36. The arithmetical operations for which logarithms 
were originally contrived, and on which their great utility 
depends, are chiefly multiplication, division, involution, evo- 
lution, and finding the term required in single and compound 
proportion. The principle on wliicli all these calculations 
are conductedj is this : 

If the logarithms of two numbers he added, the etrM ^Bill bt 
the logarithm of the PBOntrcr of the numbers ; and, 

If the logarithm of one numier he subtracted Jrom that of 
another, the differencb ibUI he the logarithm of the QOOTiENr 
of one of the wimhers divided hy the other. 

In proof of this, we have only to call to mind, that loga- 
rithms are the expobekto of a series of powers and roots, 
(Arts. 2, 5.) And it has been shown, that powers and roots 
are multiplied by adding their exponents ; and divided, by 
subtracting their exponents. (AJg. 189, 193, 232, 239.) 

MULTIPLICATION BY LOGARITHMS. 
3'7. ADD THE LOGARITHMS OF THE FACTORS : THE STJM 
WILL BK THE LOOARITHM OF THE PRODUCT. 

In making the addition, 1 is to be carried for every 10, 
from the decimal part of the logarithm, to the index. (Art. 7.) 

Numbers. Logorilhcna. Numbers. Ld^rlLhiris. 

Mult. 36.2 (Art. 30.) 1.55871 Mult. 640 2.80613 

Into 7.84 0.89432 Into 2,316 0.36474 

Prod. 283.8 T45303 Prod. 1482 3.17092 

The logarithms of the two factors are taken from the 
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MULTIPLICATION BY LOQARITHIIS, 23 

tables. The product is obtmned, by finding, in the tables, 
the natural number belonging to the sum. (Art. 88.) 

Mult. 89.24 1.96056 Mult. 134. 3.12710 

Into 8.687 0.56667 Into 25.6 1.40824 

Prod. 329. 2.51723 Prod. 3430 3.53534 

38. Wlien any or all of the indices of the logarithms are 
negative, they are to be added according to the rules for the 
addition of positive and negative quantities in algebra. But 
it must be kept in mind, that the decimal part of the loga- 
rithm is positive. (Art. 10.) Therefore, that which is car- 
ried from the decimal part to the index, must be considered 
positive also. 

Mult. 62.84 1.79824 Mult, 0.0294 ^^46886 

Into 0.682 T.83378 Into 0.6372 1.92283 

Prod. 42.86 1.63202 Prod . 0.0246 2^39118 

In each of these examples, +1 is to be carried from the 
decimal part of the logarithm. This, added to — 1, the 
lower index, makes it ; so that there la nothing to be 
added to the upper index. 

If anv perplexity is occasioned, by the addition of positive 
and negative quantities, it may be avoided, by borrowing 10 
to the index. (Art. 12.) 

Mult 62.84 1.79824 Molt 0.0294 8.46835 

Into 0.682 9.83378 Into 0.8372 9.92288 

Prod. 42.86 1.63202 Prod. 0.0246 8.39118 

Here 10 is added to the negative indices, and afterwards 
rejected from the index of the sum of the logarithms. 

Multiply 26.83 1.42862 1.42862 

Into 0.00069 r83885 or 6.83885 

Product 0.01851 2^^26747 8.26747 
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Hmb +1 carried to — 4 mtJues it — 3, which added to tl» 
upper index +1, gives — 2 for the index of the sum. 

Multiply .00845 "3192686 or 7.92686 

Into 1068. 3.02857 3.02857 

Product 9.0246 0.95543 Q.95543 

The product of 0.0362 into 25.38 is 0.9188 
of 0.00467 into 348.1 is 1.626 
of 0.0861 into 0.00843 is 0.0007258 

39, Any number of/actorima.y be laultiplied together, by 
adding their logarithms. If there are several ■positive, and 
several wgativc indices, these are to be reduced to one, as in 
algebra, by taking the difference between the suoq of those 
which are negative, and the sum of those which are positive, 
increased by what is carried from the decimal part of the 
l<^MitIims. (Alg. 63.) 



Multiply 


6832 


3.83465 


3.83456 


Into 


0.00863 


3.93601 


T 7.93601 


And 


0.651 


T81358 


9.81358 


And 


0.0231 


2.36361 c 


T 8.36361 


And 


62.87 


L79844 


1.79844 


Prod. 


65.74 


1.74619 


1.74619 



Ei. 2. The prod, of 36.4x7.82X68.91X0.3846 is 7544. 

8. The prod, of 0.00629X2.647X0.082X278.8X0.00063 
is 0.0002398. 

40. Negative quantities are multiplied, by means of loga- 
nthms, in the same manner as those which are positive. (Art. 
16.) But, after the operation is ended, the proper sign must 
be applied to the natural number expressing the product, 
according to the rules for the multiplication of positive and 
negative quantities in algebra. The negative index of a loga- 
rithm, must not be confounded with the sign which denotes 
that the naturtd number is negative. That which the index 
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By LOGARITHMS, 25 

of the logarithm ia intended to show, is not whether the 
natural number is positive or negative, but whether it is 
^eater or less than a unit. {Art 16.) 

Mult. +36.42 1.56134 Mult. —2.681 0.42830 
^"•^ TiZ£i I.62S0S Into +3T.24 1.57101 
Prod. —2451 3.33942 Prod. —99.84 1.99931 

In these esamples, the logarithms are taken from the 
tables, and added, in the same manner, as if both factors 
were positive. But after the product is found, the negative 
sign is preiised to it, because + is multiplied into — . (Alg. 
82.) 

Mult. 0.263 T41996 Mult. 0.063 "2181291 

Into 0.00884 T.95134 Into 0.693 T84073 



Prod. 0.002351 3.37130 Prod. 0.04504 2.65364 

Here the indices of the logarithms are negative, but the 
product is positive, because the factors are both positive. 
Mult. — 62.59 1.79650 Mult. — 68.3 J^.83442 
Into —0.00863 "3.93601 Into —0.0096 3,08227 

Prod. +0.5402 T73251 Prod. +0.6557 T.81669 



41. FbOM the lOOARITHM OF THE DIVIDEND, SUB- 
CRACT THE LOGARITHM OF THE DIVISOR ; THE DIF- 
(■"ERENCE WILL BE THE lOGAMTHM OP THE QUO- 

CIENT. (Art. 36.) 

Numbers. Lcffiinlikms. Numbers. LogBrithmi. 

Divide 6238 3.79505 Divide 896.3 2.96245 
By 2982 3.47451 By 9.847 0.99330 

Qwot. 2.092 0.32054 Qiiot. 91.02 1.95915 

42. The decimal part of the logarithm may be subtraijted 
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as in common arithmetic. But for the indices, wten either 
of them is negative, or the lower one is greater than the 
upper one, it will he necessary to make use of the general 
rule for suhtraction in algebra ; that is, to change the signs of 
the subtrahend, and then proceed as in addition. (Alg. 60.) 
When 1 is carried from the dedmal part, this is to be con- 
sidered affirmative, and applied to the index, before the sign 
is changed. 

Divide 0.8697 T.93937 or 9.93937 
By 98.65 1.99410 1.99410 

Quot. 0.008816 3^94527 7.94527 

In thia example, the upper logarithm being less than the 
lower one, it is necessary to borrow 10, as in other cases of 
subtraction ; and therefore to carry one to the lower indes, 
which then becomes -f 2. This changed to — 2, and added 
to — 1 above it, makes tlie index of tlie difference of the 
logarithms — 3. 

Divide 29.76 1.47363 1.47363 

By 6254 3.79616 3.79616 

Quot. O.0Q476 3;6774T or 7.67747 

Here, 1 carried to the lower index, makes it +4. This 
changed to — 4, and added to I above it, gives — 3 fc*- the 
index of the difference of the logarithms. 

Divide 6.832 0.83455 Divide 0.00634 ¥.80209 
By .0362 " ¥.55871 By 62.18 1.79365 

Quot. 188.73 2.27584 Quot. 0.000102 Z00844 

The quotient of 0.0985 divided by 0.007241, is 13.6 
The quotient of 0.0621 divided by 3.68, is 0.01887 

43. To divide negative quantities, proceed in the same 
manner ae if they were pbeitive, (Art. 40,) and prefix to the 
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INVOLUTION BT I 

quotient, the sign which is required by the rules for division 
in algebra. 

Divide +3642 3.56134 Divide —0.667 TsilBT 
By —23.68 1.37438 By +0.0793 2.89927 
Quot. —153.8 2.18696 Quot. —8.285 0.91830 

In these examples, the sign of the divisor being different 
from that of the dividend, the sign of the quotient must bo 
negatue (Alg. 100.) 

Dnide— 364 T.56110 Divide —68.5 J^83569 
By — 2.56 0.40824 By +0.094 2.97313 
Quot. +0.1422 " ri5286 Quot. — 728.7 2.86256 

ISVOLUTION BY LOOARITHME. 

44. Involving a quantity is multiplying it into itself. By 
means of logarithms, multiplication is performed by addition. 
If, then, the logarithm of any quantity be added to itself, the 
logarithm of a power of that quantity will be obtained. But 
adding a logarithm, or any other quantity, to itself, is mul- 
tiplication. The involution of quantities, by means of loga- 
rithms, is therefore performed, by multiplying the logarithms. 

Thus the logarithm 

of 100 is 2 

of 100X100, that is, of 100' is 2+2 =2X2 

of 100X100X100, 100'i32+2+2 =2X3 

of 100X100X100X100, 100< is 2+2+2+2 =2X4 

On the same principle, the logarithm of 100" is 2Xi. 
And the logarithm of a", is (log. ii:)x«. Hence, 

45. To involve a quantity by logarithms, MULTIPLY 

THE LOOABrrHM OP IHE QUANTITY, BY tllB. INDEX OF THIB 
FOWBH REQUIRED. 
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2fl ISVOLCTIOK BY LOGABITHHS, 

The reason of the rule is also evident, from the considera- 
tion, that logarithms are the exponents of powers and roots, 
and a power or root is involved, by multiplying its index 
into the indes of the power required. (Alg. 170, 243.) 

Es. 1. What is the cnbe of 6.296 ? 

Boot 6.296, its log. 0.79906 

Index of the power 3 

Power 249.6 2,39718 

2. Required the 4th power of 21.32 
Root 21.32 log. 1,32879 

Index 4 

Power 206614 5.31516 

3. Required the 6th power of 1.689 
Root 1.689 log. 0.22763 

Index 6 

Power 23.215 1.36578 

4. Requiredthel44thpowerof 1.003 
Root 1.003 log. 0.00130 

Index 144 

Power 1.539 0.18720 

46. It must be observed, as in the case of multiplication, 
(Art. 38.) that what is carried from the decimal part of the 
logarithm is positive, whether the index itself is positive or 
negative. Or, if 10 be added to a negative index, to render 
it positive, (Art, 12,) this wiU be multiplied, as well as the 
other figures, so that the logarithm of the square, will be 20 
too great ; of the cube, 30 too great, &c. 

Ex, 1, Required the cube of _0,0649 

Root 0.0649 log, 2,81224 or 8.81224 

Index 3 3 
Power 0.0002733 
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r LOGARITHMS. 



2. Required tbe 4th power of 
Root 0.1234 log. 

Power 0.0002319 

3, Eequired the 6tli power of 
Boot 0.9977 log. 



4. Eequired the cube of 
Eoot 0.08762 log. 

Index 
Power 0.0006727 



6. The 7th power of 0.8061 is 0.5015. 
6. The 5th power of 0.9344 is 0.7123. 




BVOLDTION BT 

47, Evolution is the oppoate of involution. Therefore, 
as quantities are involved, by the multiplication of logarithms, 
roots are extracted by tbe dtvi^on of logarithms ; that is. 

To extract the root of a quantity by logarithms, DIVIDE 

THE tOGAKITHM OF THE qUAHTTir, Br THE SUMBER EX- 
PRE8SINO THE ROOT KEQDIRBD. 

The reason of the jule is evident also, from the fact, that 
logarithms are the exponents of powers and roots, and evo- 
lution is performed, by dividing the exponent, by the number 
expressing the root required. (Alg. 210.) 

1, Required the square root of 648.3 

Numbers. LoguKhms- 

Power 648.3 2)2.81178 

Root 25.46 1.40589 



Hosiecb, Google 



3. Required the cube root of 897.1 
Power 807.1 3)2.95284 
Root 9.645 0.98428 

In the first of these examples, the logaritlmi of the gives 
mimber is divided hy 2 ; in the other, by 3. 

B. Required the 10th root of 6948. 
Power 6948 10)3.84186 

Root 2.422 0.38418 

4. Req^uired tbe lOOdth root of 983, 
Power 983 100)2.99255 
Root 1.071 0.02992 

The division is performed here, as in other cases of deci- 
mals, by removing the decimal point to the left. 
S. What is the ten thousandth root of 49680000 ? 

Power 49680000 10000)7.60618 

Root 1.00179 0.00077 

We have, here, an example of the great rapidity with 
which arithmetical operations are performed by logarithms. 

48. If the index of the logarithm is negative, and is not 
divisible by the given divisor, without a remaiiider, a diffi- 
culty will occur, unless the index be altered. 

Suppose tbe cube root of 0.0000892 is required. The 
logarithm of this is 6.95036. If we divide the index by 3, 
the quofienf will be — 1, with —2 remainder. This remain- 
der, if it were positive, might, as in other cases of division, 
be prefi:5ed to the next figure. But the remainder is nega- 
tive, while the decimal part of the logarithm is positive ; so 
that, when the former is prefixed to the latter, it will make 
neither +2.9 nor — 2.9, but — 2+.9. This embarrassing 
intermixture of positives and negatives may be avoided, by 
adding to the index another negative number, to make it ex- 
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EVOLUTION BV LOGARITHMS. 31 

actly divisible by the divisor, Tim it to the md x — 5 
there be added —1, the sum — G ■« iHl e divi iH'- U 3 But 
this addition of a negative numbei mist be coi pensated by 
the addition of an equal positis e number which miy be pre- 
fixed to the decimal part of the loganthni The division 
may then be ooutinued, without difficulty thiough the 
whole. 

Thus, if the ]ogarithm"5.95036 be altered toT+l 95086 
it may be divided by 3, and the quotient will be 2 65012. 
We have then this rule, 

49. Add to the index, if necessary, such a negative nttm- 
for- as wiill make it exactly divisible by the divisor, and. prefix 
an, egttal ^sidve namber to the decimal part of the logariikm, 

1. Required the 5th root of 0,009842 

Power 0.009642 log. _ 3198417 

or 54-2.98417 

Root 0,3«52 1.59683 

2. Required the 7th root of 0,0004935. 

Power 0.0004935 log. _ 4^69329 

or 7)Y-f 3.69329 

Root 0.337 T.53761 

50. If, for the sake of performing the division conven- 
iently, the negative index be rendered positive, it will be ei- 
pedient to borrow as many tens, as tli«re are units in the 
number denoting the root. 

What is the fourth root of 0.03698 ? 

Power 0,03698 4J3;567S7 or 4)38.56797 
Root 0.4385 T.64199 9.64199 

Here the index, by borrowing, is made 40 too great> that 
is, -{-38 instead of — 2. When, therefore, it is divided by i, 
it is still 10 too great, -f9 instead of — 1. 
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What is the fith root of 0.008926? 

Power 0.008926 6)i!96066 or 6)47.95068 
Root 0.38916 T,590:3 9.59013 

51. A ^ower of a root may he found by first multiplying 
the logarithm of the given quantity into the index of the 
p&wer, (Art. 45.) and then dividing the product by the 
number expressing the root. (Art. 47.) 

1. What is the value of (53)', that is, the Gth power of 
the 7th root of 53 ? 

Given number.53 log. 1.72428 
Multiplying by 6 

Dividing by 7)10.34568 

Power required 30.06 1.47795 

2. What is the 8th power of the 9tb root of 654 ? 

PROrOIlTION BY LOGARITHMS. 

52. In a proportion, when three terms are given, tlie 
fourtb is found in common arithmetic, by multiplying to- 
gether the second and third, and dividing by the first. But 
■when logarithms are used, addition takes the place of mul- 
tiplication, and subtraction, of division. 

To find, then, by logarithms, the fourth term in a propor- 
tion, ADD THE LOCAMTHMS OF THE SECOJSD ASD THIRD 

THRMa, AND from the smot SUBTRACT the logarithm of 
THE FIRST TERM. The remainder will be the logarithm of 
the term required. 

Ex, I. Find a fourth propMtioiial to 7964, 378, and27960. 



Second tenii 


379 


2.57749 


Third term 


27060 


4,44654 
7.O240S 


First term 


7964 


3.901 13 


Fourth term 


132^ 


S.13290 
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2. Find a ith proportional to 168, 381, and 9780. 
Second term 381 2.68092 

Third term 9780 3.99034 

6.57126 
First term 768 2.88536 

Fourth term 4852 3.68590 

ARITHMETICAL COMPLKHBBT. 

63, When one number is to fee subtiaoted fiom another, 
it is often convenient, first to suhfiact it fiom 10, then to 
add the difference to the other number, and afterwards to re- 
ject the 10. 

Thus, instead of «— 6, we may put 10 — 6-f a — 10, 

lu the first of these expressions, i is subtracted from a. 
In the other, 6 is subtracted from 10, the difference is added 
to a, and 10 is afterwards taten from the sum. The two ex- 
pressions ai'e equivalent, because they consist of the same 
terms, with the addition, m one of them, of 10—10=0. The 
alteration is, in fact, nothing more than borrowing 10, for the 
sake of convenience, and then rejecting it in the result. 

Instead of 10, we may boiTOw, as occadoa requires, 100, 
1000, &c. 

Thus, ffl--6=100— &+ a— 100=1000— 5+a— 1000, &c. 

64. The DiprERBHOE between a given number and 10, or 
100, or 1000, <&c., ia called the abithmetioa;, Oomplbment 
of thai number. 

The arithmetical complement of a number consisting of 
one integral figure, either with or without decimals, is found, 
by subtracting the number from 10. If there are two in- 
tegral figures, they are subtracted from 100 ; if three, from 
1000, &c. 

Thus, the arithmetical compl't of 3.46 is 10—3.46=6.54 
of 34.6 is 100—34.6=65.4 
of 346. is 1000— 34S.=6fi4, &c 
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According to the rule for subtraction Ja arithmetic, any 
niimber is subtracted from 10, 100, 1000, &c. by beginning 
on the right hand, and taking each figure from 10, after in- 
creasing all except the first, hy carrying 1. 

Thus, if from 10.00000 

We subtract 7.63125 

The difference, or arith'l compl't is 2.30875, which is 
obtained by taking 5 from 10, 8 from 10 2 from 10, i from 
10, 7 fiom 10, and 8 ftom 10 But, instead of taking each 
figuie increased hy 1 from 10, we may take it viitliout 
betnff increased, from 9 

Thus, 2 fiom 9 is the same as 3 fiom 10, 

3 from 9 the same as 4 from 10, d,c Hence, 
56 To obtain the AanHMKiicAL oompi^mbnt of a num- 
ier sithtrutt the nght liatid signijicant figure fiom 10, and 
each of the other figures from 9 If, however, there are 
chjpheis on the right hand of all the signihcant tigures, they 
are to be set down without alteration 

In taking the arithmetical complement of a logarithm, if 
the index is negative, it must be added to 9 for adding a 
negatue quantity is the same as subtractrng a positive one. 
(Alg 81) The difleience between —3 and +0, is not 6, 
but 12 

The arithmetical complement 

of 6.24891 is 3.75103 of ■2;70649 is 11.29351 
of 2.98643 7.01357 of 3,64200 6.35300 
of 0.62430 9.37570 of 9.36001 0,64999 
66. The principal use of the ai'itJiraetical complement, is 
in working proportions by logarithms ; where some of the 
terms are to be added, and one or more to be subtracted. 
In the Rule of Three or simple proportion, two terms are to 
be added, and from the sum, the first term is to be sub- 
tracted. But if, instead of the logarithm of tha £rst tenu. 
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we substitute its arithmetical complement, this may be added 
to the sum of the other two, or more simply all three may 
be added, together, by one operation. After the index is 
diminished by 10, the result will be the same as by the com- 
mon method. For subtracting a number is the same, as adding 
its arithmetical complement, and then rejecting 10, 100, or 
1000, from the sum. (Art. 53.) 



It will generally bo expedient, 


to pla( 


•,e the terms in the 


same order, m which they are ar 


ranged 


in the statement of 


the proportion. 






1. As 6273 a. c. 6.202S2 


2. As 


253 «. c. 7.59688 


■ la to 769.4 2.88015 


Is to 672.5 2.82769 


Sois 87.61 1.57530 


Soi! 


i 497 2.69636 


To 4.613 0.66397 


To 


1321.1 3.12093 



. As 46.34 a. c. 8.33404 i. As 9.85 a. c. 9.00666 

Is to 892.1 2.96041 Is to 843 2.80821 

Sois 7.638 Q.88298 Sois 76.3 1.88252 

To 147 2.16743 To 4981 3.69729 



COMPOUND PROPORTION. 

57. In ccmpi-und is m sm^L proportion, the term re- 
quired may be tound by loganthnis if we substitute addition 
for mulljphcation and subtractun tor division. 

Ex. 1. It themteiest of #365 for 3 years and 9 months, 
be ^82.13 ; what will be the interest of 18940, for 2 years 
and 6 months ? 

In common arithmetic, the statement of the question is 
made in this manner. 



305 dollars 
8.75 years 



( 8040 dollars 
I 2.5 years 



: 82.13 dollars : 
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38 OOitPOUNll PKOPOKTIOB-. 

And tLe method of calculation ia, to divide the product of 
the third, fourth, and fifth terms, hj the product of the first 
two.* This, if Ic^iarithms are used, itHI be to mhlract the 
aum of the logarithms of the first two terms, from the sum 
of the logarithms of the other three. 

\ 365 log. 2,56229 
First two terms J g^^ 0.57403 

Sum of the icgarithms 3. 13632 

„,,,„, ( 8940 3.05134 

Third and fourth terms 1 g s 39V94 

Fifth term , 82.13 1-91450 
Bum of the logs, of the 3rd, 4th, and 6th, 6.26378 

Do. 1st and 2nd, 3.13632 

Term required 1341 3.12740 

58. The calculation wiH be more simple, if, instead of 
ivhfracting the logarithms of the first two terms, we o,dd 
their aritkTnetieal cofnplements. But, it must he observed, 
that each arithmetical complement increases the index of the 
If^arithm by 10. If the arithmetical complement bo intro- 
duced into tteo ot the terms, the index of the sum of the 
logarithms will be 20 too great ; if it be in three terms, the 
index will be 30 too great, &c. 



365 a. . 
First two terms i , j,- 

( 3.76 a. 


c. 7.43771 
c. 9.42597 


\ 8940 
Thh:d and fourth terms j ^ ^ 


3.95134 
0.39794 


Fifth term 82.13 


1.9H50 


Term required 1341 


23.12746 


The result is the same as before, except that the index of 


the logarithm is 20 too great. 




■y See Arithmetic, 
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Ez. 2. If the wages of 63 men for 42 days be 2200 del- 
I^ ; what will be the wages of 87 men for 34 days ? 



43 days ) ' ( 34 days 

( 63. a. 
I'lrst two terms J ,„ 

87 



c. 8.27572 
c, 8,37675 



Third and fourth, terms i „ . - ^iiis 

Fifth term 2200 3.34242 

Term required 2923.5 3.46589 

59. In the same manner, if the product of any numbgr of 
quantities, is to be divided, by the product of several others ; 
we may add together the logarithms of the quantities to be 
divided, and tbe arithmetical complements of tlie logarithms 
of the divisors. 

Ex. If 2fi.67xS46.2 be divided by 69.24x'?-862x497 ; 
what will be the quotient ? 

, 20.G7 1.47232 

346.2 2.53933 

69.24 a.c. 8.15964 
7,862 o. c. 9.10447 



Kurobers to he divided 



In this way, the calculations 
be expeditiously 



0.03797 8.5794 

ined Proportion may 



COMPOUND INTEREST. 



60. In calculating compound interest, the amount for the 
first year, is made the principal for the second year ; the 
amount for the second year, the principal for the third 
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year, ifco. Now the amount at the ead of each year, must bo 
proporlioned to the principal at the beginning of the year. If 
tlie principal for the fii-st year be 1 dollar, and if the amount 
of I dollar for 1 year=a; then, (Alg. 341.) 

=the amount for the 2d year, or the prin- 
cipal for the 3d ; 
=the amount for the third year, or the 

pnncipal for the 4th ; 
=the amount for the 4th year, or the prin- 
L oipal for the 5th, 

That is, the amount of 1 dollar for any number of years 
ia obtained by finding th.e amount for 1 year, and involving 
this to a power whose index is equal to the nunjber of years. 
And the amount of any other principal, for the given time, 
is found by multiplying the amount of 1 dollar, into the num- 
ber of dollars, or the fractional part of a dollar. 

If logarithms are used, the multiplication required here 
may be performed by addition ; and the involution by mul- 
tiplication. (Art. 45.) Hence, 

61. To calculate Compound Interest, Mnd the atmani of 
1 dollar for 1 year; multiply its logarithm by the number of 
years; and to the product, add the logarithm of thejmneipal. 
The sum will be the logarithm of the amount for the given 
time. From the amount subtraet the principal, and the re- 
mainder will be the interest. 

If the interest becomes due half yearly or quarterly ; find 
the amount of one dollar, for the half year or quarter, and 
multiply the logarithm hy the number of half years or quar- 
ters in the given time. 
If P=the principal, 

o;^the amount of 1 dollar for 1 year, 
«=any number of years, and 

A=the amount of the ^ven principal for « years ; then, 
A=a''xP. 
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Taking the logarithms of both sides of the equation, and 
reducing it, so as to give tlie value of each of the four quan- 
tities, in terms of the others, we have 

1. Log. A=»X log. 0+ log. P. 

2. Log. P=Iog. A — wX log. o. 

log. A — log. P. 



Any three of these quantities being given, the fourth may 
be found. 

Ei. 1. What is the amount of 20 dollars, at 6 percent, 
compound interest, for 100 years? 

Amount of 1 dollar for 1 year 1.06 log. 0.0253059 

Multiplying by 100 

2.53059 

Given principal 20 1.30103 

Amount required ^Glae 3.83162 

3. What is the amount of 1 cent at 6 per cent, compound 
interest, in 500 years ? 



Amount of 1 dollar for 1 year 1.06 


log. 


0.0253059 


Multiplying by 




500 
12,65295 


Given pnncipal 0.01 




-2.00000 


Amount $44,9';3,000,000 




10.65295 



More exact answers may be obtained, by using logarithms 
of a greater number of decimal places. 

3. What is the amount of 1000 dollars, at 6 per cent, 
compound intereit, for 10 years? Ans. 1780.80. 
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4. "What principal, at 4 per cent, interest, will amotint to 
1643 dollars in 21 years? Ans. 731, 

5. What principal, at 6 per cent., will amount to 202 dol- 
lars in 4 years ? Ans, 160. 

8. At what rate of interest, will 400 dollars amount to 
569i, in 8 years ? Aes. 4 per cent. 

7. In liow many years will 600 dollars amount to 900, at 
5 per cent, compound interest ? Ans. 13 years. 

8. In what time will 10,000 dollars amount to 18,288, at 
5 per cent compound interest ? Ans. 10 years. 

9. At what rate of interest, will 11,106 doUara amount to 
20.000 in 15 years? Ans. 4 pet cent. 

10. What principal, at 6 per cent, compound interest, will 
amount to 3188 dollars in 8 years ? Ans. $2000. 

11. Wliat will be the amount of 1200 dollars, at 6 per 
cent compound interest, in 10 years, if the interest is con- 
Tertedinto principal every half year? Ans. 2167.3 dolls. 

12. In what time will a sum of money double, at 6 per 
cent compound interest ? Ans. 11.9 years. 

13. What is the amount of 6000 dollars, at 6 per cent, 
compound interest, for 28-J- years? Ans, 25.942 dollars, 

INCREASE OF POPITLAHON, 

62. The natural increase of population in a country, may 
be calculated in the same manner as compound interest ; on 
the supposition, that the yearly rate of increase is regularly 
proportioned to the actual number of inhabitants. From 
the population at the beginning of the year, the rate of in- 
crease being given, may be computed the whole increase 
during the year. This, added to the mimber at the begin- 
ning, will give the amount, on which the increase of the 
secwid year is to be calculated, in the same manner as the 
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first year's interest on a sum of money, added to the suoi 
itself, g^ves the amount on which the interrat for the second 
year is to be calculated, 

If P=the population at the beginning of the year, 

a—1 +the fraction which expresses the rate of increase, 
w=any number of years; and 

A=the amount of the population at the end of n years ; 
then, as in the preceding article, 
A=a"xP, and 

1. Log. A=wXlog. a+log. P. 

2. Log. P=log:. A — nXiog. a. 

log. A — Jog. P. 



Ex. 1. The population of the United States in 1840 was 
(in round numbers) IT,010,000,* Supposing the yearly rate 

• For some very intereBling views of the progresa of population, &c., 
in the United States, see Prof, George Tucker's elaborate essays, first 
published in the Mercliant's Magazine, 1843—3, and subsequently in a 
separafo volume. 

The following tables show the official census of the United Stales 
from 1790 10 1840 with the decennial rate of increase. 



POPL-LATIOr.. 


1790. 1 1800. 1 1810. 1 1830, | 1830. | 1840. 


3,939,827 ] 5,305,935 | 7,239,814 1 9,638,131 ] 13,806,030 | 17,069,453 










nECE^^^IAI. INCI^ASE. 






1800. 1 1810. 1 1830. ) !830. | 1840. 






35.02 [ 36.45 | 33,35 ( 33.36 | 33.S7 
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: to be '^ part of the whole, what will be the 
population in 1860 ? 

Here P=l 7,070,000. n=10, a=l + i\ = U . 
And log. A=10x!og. -ff +log. (17,070,000,) 
Ttorefore, A=22,810,000, the population in 1850. 
3. If the number of inhabitants in a coimtry be £76 mil- 
lions at the beginning of a century ; and if the yearly rate 
of increase be -gV ; wiiat will be the number at the end of 50 
years ? and what at the end of the century ? 

Ans. 25,763,000, and 133,760,000. 

3. If the population of a country, at the end of a century, 
is foand to be 45,860,000 ; and if the yearly rate of ir 
has been -j^ ; what was the population at the oi 
jnent of the century ? Ans. 20 millions. 

4. The population of the United States in 1810 was 
7,240,000 ; in 1820, 9,625,000. What was the annual rate 
of increase between these two periods, supposing the in- 
crease each year to be proportioned to the population at the 
beginning of the year ? 

log, 9,625,000— log. 7,240,000 

Here log. a^^ . .... 

10 

Therefore, a^l.029 ; and rHir- oi" 2.9 per cent, is the 
rate of increase. 

6. The population of the United States on the 1st August, 
1820, was 9,638,000 — ^in 1830, the time of taking the census 
was changed to the 1st June, and at that time the popula- 
tion was 13,866,000. — ^What was the annual rate of increase ? 
And what would have been the amount of population to be 
added for the subsequent two months ? 

6. In how many years, will the population of a country 
advance from two millions to five millions ; supposing the 
yearly rate of increase to be -5!^-' Ans. 47-J- years. 
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1. If the population of a country, at a given time, be 
Beven millions ; and if the yearly rate of increase be j^tt • 
what will be the population at the end of 35 years ? 

8. The population of the United States in 1800 was 
6,306,000. What was it in 1'780, supposing the yearly rate 
of mcrease to he sS ^ 

9. In what time will the population of a country a 
from four millions to seven millions, if tl\e ratio of int 
beTihr? 

10. What must be the rate of increase, that the population 
of a place may change from nine thousand to £fteen thou- 
fland, m 12 jeiis" 

It the population of a country is not affected by immi- 
gration or emigration the rate of increase will he eq^ual to 
the diffeience between the ratio of the births, and the ratio 
of the death), when (compared with the whole population. 

Ex. 1 1 . If the population of a country, at any given time, 
be ten millions ; and the ratio of the annual number of births 
to the whole population be ■^, and the ratio of deaths -ff, 
what will be the number of inhabitants, at the end of 60 
years? 

Here the yearly rate of inorease=j'j — tD--iaii - 

Aud the population, at the end of 60 years-^S 1,750,000. 

The rate of increase or decrease from immigration or emi- 
gration, will be equal to the difference between the ratio of 
immigration and the ratio of emigration ; and if this differ- 
be added to, or subtracted from, the difference between the 
ratio of the births and that of the deaths, the whole rate 
of increase will be obtdned. 

Ex. 12, If in a country, the ratio of births be -^, 
the ratio of deaths ^, 

the ratio of immigration -^i 
the ratio of emigration jVi 
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LATION. 


and if ihe populatioa tbis year be 
be ?0 years hence ? 


10 millions, what will it 


That of increase from immigration — =^3 — sV— rtr ; 
The sum of the two is -5^; 
And the population at the end of 20 years, is 12,611,000. 


13. If the ratio of the births be 
of the deaths 
of immigration 
of emigration 

in wliat time will three millions in 

nuUions ? 


A, 
rease to four and a half 



If the period in which the population will double be ^ven ; 
the numbers for several successive periods, will evidently be 
in a geometrical progression, of which the ratio is 2 ; and as 
the number of periods will be one less than the number of 

If P=tbe first term, 
A=the last term, 
)i=the number of periods ; 
Then will A=Px 2", (Alg. 439.) 
Or log. A=log. P+nxlog. 2. 
Ex 1 . If the descendants of a single pair double once in 
25 years, what will be their number at the end of one thou- 
sand years 1 

The number of periods here is 40. 
And A=2 X 2 ' "=2,1 99,200,000,000. 

2. If the descendants of Noah, beginning with his three 
sons and their wives, doubled once in 20 yeare for 300 years, 
what was their number, at the end of this time? 

Ans. 196,608. 

3. The population of the United States in 1820 being 
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ESPOSENTIAL ECHJAIIOKS, 4^ 

9,638,000 ; what must it be in the year 2020, supposing it 
to double once in 25 years? Ans. 2,467,333,000, 

4. Supposing the descendants of the first human pair to 
double onco in 50 years, for 1650 years, to the time of the 
deluge, what was the population of the world, at that time ? 



62. An. Exponential equation is one in which the letter 
expressing the unknown quantity is an exponent. 

Thus a*=6, and a^=^bc, are exponential equations. These 
are most easily solved by logarithms. As the two members 
of an equation are equal, their logarithms must also be equal. 
If the logarithm of each aide be taken, the equation may 
then be reduced, by the rules given In algebra. 

Ex. What is the value of x in the equation 3''=243 ? 

Taking the logarithms of both sides, log. 3''^=log. 243. 
But the logarithm of a power is equal to the logarithm of 
the root, multiplied into the index of the power. (Art. 45.) 
Therefore (log. 3)Xa;=-log. 243 ; and dividing by log. 3. 
log. 243 2.38561 



=5. So that 3'= 



log 3. 0.4'7'Z12 
64. The exponent of a power may be itself a power, as in 
the equation 

where x is the exponent of the power m", which is the ex- 
ponent of the power a™. 

Ex. 4. Find the value of x, in the equation 9^^1000. 

log. 1000. 
3*X{log. 9)='log. 1000. Therefore, 3''=—. ™ 3.14. 
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Then, as 3*-=3.14. 
Therefore, , 

In cases like this, where the factors, divisors, &c. are loga- 
rithms, the calculation may be facilitated, by taking the 
logarithms of the logarithms. Thus the value of the fraction 
^ H! j T i is most easily found, by subtracting the logarithm 
of the logarithm which constitutes the denominator, from 
the logarithm of that ivhich forms the numerator. 

6. Find the value of a, in the equation =m, 

log. (cm — d) — log. 6. 
Ana. «»-• ; 
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TRIGONOMETRY. 



SECTION 1. 



SINES, TANOENTS, SECAN' 



Abi. 71. Tbigohometbv treats of the relations of the 
aides and angles of triangles. Its first object is to deter- 
mine the length of the sides, and the quantity of the angles. 
In addition to this, from its principles are derived many in- 
teresting metliods of investigation in the higher branches of 
analysis, particularly in physical astronomy. 

72. Trigonometry is either plane or spherical. The for- 
mer treats of triangles bounded by right lines ; the latter, 
of triangles bounded by arcs of circles. 

Divisions of the Circle. 

Is. In a triangle there are two classes of quantities which 
are the subjects of inquiry, the sides and the angles. For 
the purpose of measuring the latter, a circle is introduced. 

The periphery of every circle, whether great or small, is 
supposed to be divided into 360 equal parts called degrees, 
ejich degree into 60 minutes, each minute into 60 seconds, 
each second into 60 thirds, &c., marked with the charafiters 
", ', ", '", ifec. Thus, 32° 24' 13" 22'" is 32 degrees, 24 min- 
utes, 13 seconds, 22 thirds. 

X degree, then, is not a magnitude of a given length; but 
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a certaitt portion of the wkole circumference of any circle. 
It is evident that the 360th part of a large circle is greater 
than the same part of a small one. On the other haad, the 
number of degrees in a small circle, is the same as in a large 

The fourth part of a circle is called a quadrant, and con- 
tains 90 degrees. 

'74. To measure an angle, a circle is so descrihed that its 
center shall be the angular point, and its periphery shall cut 
the two lines which include the angle. The arc between the 
two lines is considered a measure of 
the angle, because, by Euc. 33, 6,- 
angles at the center of a given circle, 
have the same ratio to each other, as the 
arcs on which they stand. Thus the 
arc AB, is a measure of the angle 
ACB. 

It is immaterial what is 
the size of the circle, pro- 
vided it cuts the lines 
which include the angle. 
Thus, the angle ACD is 
measured by either of 
the arcs AG, aff. For 
ACD is to ACH, as AG 
to AH, or as ag to ah. {Euc. 33. 6.) 

lb. In the circle ADGH, let the 
two diameters AG and DH be perpen- 
dicular to each other. The angles 
ACD, DCG, GCH, and HCA, will 
be right angles ; and the periphery 
of the circle will be divided into four 
equal parts, each containing 90 
degrees. As a right angle is subtended by an arc of 
90o, the tuigle iteelf ia said to contain 90°. Hence, in two 
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right angles, there are 180°; in four right angles, 360°; 
and in any other angle, as many degrees, as in the arc by 
which it is subtended. 

7(). The sum of the three angles of any triangle being 
equal to two right angles, (Euc. 32. 1.*) is equal to 180°. 
Hence, there can never be more thaa one obtuse angle in a, 
For the sura of two obtuse angles is more than 



'I'J. The COMPLEMENT of an are or an angle, is ike differ- 
Mce hetween, the arc or anffle and 90 degrees. 

The complement of the arc AB is DB ; and iJie coiaple- 
ment of the angle ACB is DCB, The complement of the 
src BDft is also DB. 



The complement of 10° 


is 80°, 


of 60 


of 20° 


is 70=, 


of 120 


of 60' 


is 40°, 


of 170 



Hence an -icufe angle ind its torn 
piemen t ii e ah^ aj s equal t d 90" 
The angles AOB and DCB aie to 
gether equal to a light angle The 
two acitte angles ot a nght angled 
triangle aie equal to 90° therefjie 
each IS the complement of the other 

erwe hetioeen the arc or angla and 180 degrees. 

The supplement of tlie arc BDG- is AB ; and the supple- 
ment of the angle BCG is BOA. 




s the differ- 



The supplement of 10° I 
of 80° i 


170°, of 120° is 60°, 
100°, of 150° is 30°, &c. 


Hence an angle and its 


upplement are always equal lo 


* Thomson' 


Geometiy, 38, I. 
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ISOo, The angbs BCA and BCG are togethei- equal to two 
right angles. 

19. Cor. As the three angles of a plane triangle are equal 
to two right angles, that is, to 180° (Eiic. 33. 1.) the sura 
of any two of them is the supplement of the other. So 
that the third angle may be found, by subtracting tlie sum 
o? the other two from ICO". Or the aura of any two may 
be found, hy swhtraoting the third from 180°. 

80, A straight line drawn from the centre of a circle to 
any part of the periphery, is called a radius of the circle- 
In many calculations, it is convenient to consider the radius, 
whatever be its length, as a -unit. {A.'ig. 510.) To this must 
be referred the numbers expressing the lengths of other 
lines. Thus, 20 will be twenty times the radius, and 0.75, 
three-foul ths of the ladius 

DeJiniUom of Snies, T'angbiit'i, Strcmti, tic 

SI. To facilitate the calculations m Tngonometry, there 
are drawn, within and about the cuole-, a niuaber of straight 
lines, called Stnts, Tangents, Secants, Sc With these the 
learner should make limiselt perfectly familial The direct 
and proper measure of an angle is an arc of a circle. (Ai-t. li.) 
But trigonometrical sidutions are commonly made with the 
aid of certain straight lines, which have known relations to 
the arcs to which they belong. 

83. The SINE of an arc is a straight liM drawn from 
one end of the arc, perpendicular to a diameter which passes 
through the other end. 

Thus, BG is the sine of the arc AU. For BQ is a line 
drawn from the end Q of the arc, perpendicular to the diam- 
eter AM which passes through the other end A of the arc. 

Cor. The sine is half the chord of dmUe the arc. The 
Bine B& is half PG, which is the chord of the arc PAG, 
double the arc AG. 
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SINUS, 

83. The YERBED SINE 
o/' an arc is that part of 
the diameter which is 
between the sine and the 

Thas, BA is the versed 
sine of the arc AG, 

84. The TAKGEBT of 
an arc, is a straight line 
drawn perpmidicularly 
from, the extremity of the 
diameter which passes 

through one end of the are, <md extended till it meets a line 
drawnfrofn the centre through the other end. 
Thus, AD is the tangent of the arc AG. 

85. The BSCXsT of an arc is a straight line drawn from 
the centre, througk one end of the arc, and extended to the 
tangent which is drawn from the other end. 

ThiB CD is the secant of the arc AG. 

86. In Trigonometry, the terms tangent and secant have 
a more limited meaning, than in Geometry. In both, indeed, 
the tangent touches the circle, and the secant cuts it. But 
in Geometry, these lines are of no determinate length ; 
whereas, in Trigonometry, they extend from the diameter to 
the point in which they intersect each other. 

87. The lines just defined are sines, tangents, and se- 
cants of arcs. BG is the sine of the arc AG. But this 
arc subtends the angle GCA. BG is then the sine of the 
arc which subtends the angle GCA. This is more con- 
cisely expressed, by saying that BG is the sine of the. angle 
GCA, And universally, the sine, tangent, and secant of an 
arc, arc said to be the sine, tangent, and secant of the angle 
which stands at the centre of the circle, and is subtended by 
the arc. "Whenever, therefore, the . sine, tangent, or secant 
of an angle is spoken of; we are to suppose a circle to be 
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drawn whose centre is the angular point; and that the lines 
mentioned belong to that arc of the pe phe y wh h snh- 
tends the angle. 

88. Thesiweand tanffent oS an acute lEgle a e op^oste 
to the angle. But the secant ia one of tl e 1 e vh ch 
clmle the angle. Thus, the sine BC ind the tangent AD, 
are opposite to the angle DCA. B t the eca t CD s one 
of the lines which include the angle. 

89. The sine complement or cosine o/an angle, is the sine 
qf the COMPLBMENT of that anffle. Thus, if the diameter 
HO be pei-pendioular to MA, the angle HC& is the com- 
plement of ACG; (Art. IT.) and LG, or its equal OB, 
is the sine of HOG. (Art. 82.) It is, therefore the cosine of 
GCA. On the other hand, GB is the sine of GCA, and the 
cosine of GCH. 

So also the cotangent of an angle is the tangent of the 
complement of the angle. Thus, HF is the cotangent of 
GCA. And the cosecant of an angle is the secant of the 
complement of the angle. Thus, CF is the cosecant of GCA. 

Hence, as in a right angled triangle, one of the acute 
angles is the complement of the other; (Art. 77.) the sine, 
tangent, and secant of one of these angles, are the cosine, 
cotangent, and cosecant of the other. 

90. The sine, tangent, and secant of the supplement of an 
angle, are each equal to the sine, tangent, and secant of the 
angle itself. It will be seen, by applying the definition. (Art 
82.) to the figure,, that the sine of the obtuse angle GCM is 
EG, which is also the sine of the acute angle GCA, It 
should he observed, however, tiat the sine of an a«ute angle 
ia opposite to it ; whUe the sine of an obtuse angle falls 
•without the angle, and is opposite to its supplement. Thus 
BG, the sine of the angle MCG, is not opposite to MCG, 
but to its supplement ACG. 

The tati^ent of the obtuse angle MCG is MT, or its equal 
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AD, irliieh is also the tangent of AC&. And the secant of 
MCG is CD, which is also the secant of ACQ. 

91. But the versed sine of an angle is not the same as that 
of its supplement. The versed sine of an acute angle is 
equal to the dijirence between the cosine and radius. But 
the versed sine of an obtuse angle is equal to the sum, of 
the cosine and radius. Thus, the versed sine of ACG is 
AB=AO— BC. (Art. 83.) But the versed sine of MCG is 
MB=MC+BC. 



Relations of Sines, Tangents, Secants, dtc, to each other. 

92. The relations of the sine, tangent, secant, cosine, &e., 
to each other, are easily derived from the proportions of the 
sides of similar triangles. (Euc. 4. 6.*) In the quadrant 
ACH, these lines form ^^ ^____ _ n 

three similar triangles, 
viz.ACD,BCG-orLCG, 
and HCF. For, in each 
of these, there is one 
right angle, hecause the 
sines and tangents are, 
by definition, perpen- 
dicular to AC ; as the 
cosine and cotangent are 
to CH. The lines CH, 
BG, and AD, are paral- 
lel, hecause CA makes a right angle with each. (Euc. 27, l.f) 
For the same reason, CA, LG, and HF, are parallel. The 
alternate angles GCL, BGC, and the opposite angle CDA, 
are equal; (Euc. 29. 1.1) as are also the angles GCB, LGG, 
and HFC. The triangles ACD, BOG, and HCF, are there- 
fore similar, 



/^ 


owtoTx 


^ 
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A 


^ 


. / 


^ 


/ 



» Thomson, 18. 4. 



% IHd. 24. 1 
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It should also be observed, that tbe line BC, between the 
sine and the centre of the circle, is parallel and equal to the 
cosine ; and thiit LC, between the cosine and centre, is par- 
allel and eqital to the sine ; (Euc. 3i. 1.*) so that one may be 
t^en for the other in any calculation, 

93. From these sim- 



ilar 



de- 



rivecE the following pro- 
portions ; in which E is 
put for radius, 

sin for sine, 
eo» for cosine,. 
tan for tangent, 
cot for cotangent, 
see for secant, 
cosec for cosecant. 



By comparing the triangles CBG and CAD, 




1. AC : BC : 1 AD : EG, that is, R ; cos 

2. CG : CD : : BG : AD R : sec 

3. CB : CA : : CG : CD e(B ; E 



tan : sin. 



Therefore R'=cosXsec. 
By comparing the triangles CLG and CHF, 
4. CH : CL : : HF : LG, that is, R : sin : : cot ; cos. 
6. CG : CF : : LG -. HF, R : cosec : ; cos ; cot. 

6. CL : CH : : CG : CF sin ; R : : R : cosec 

Therefore Rs=sinXcoseo. 
By comparing the triangles CAD and CHF, 

7. CH : AD ; : CF : CD, that is, R : tan i : cosec : sec 

8. CA ; HF : : CD : CF R : cot : : sec : cosec 

9. AD ; AC T : CH : HF tan : R : : R ; cot. 

Therefore R''=tanXcot. 



* Thomson, 2 
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It will not be necessary for the learner to commit these 
proportions to memory. But he ought to make himself so 
familiar with the manner of stating' them from the figure, m 
to be able to explain them, whenever they are referred to. 

94. Other relations of the sine, tangent, &c., may be de- 
rived from the proposition, that the square of tho hypothe- 
imse is equal to the sum of the squares of the perpendicular 
sides. (Euc. 4J. 1. — Thomson 11. 4.) 

In the right angled triangles CBG, CAD, and GHF, 

1. CG'==CB"+Ba=, tbit is, R'=cos'+sin»,* 

2. CD'=CA'+AD'' sec'=ii=+tan', 

3. CF'=CB.'+HF' cosee''=K.'+cot', 

And, extracting the root of both sides, (Alg. 296.) 



R=V coa''-l-sin'=Vsee''— t£in'=V coscc' — oot' 
Henee, if R=l, (Alg 385.) 

Sia=V 1— cos' Sec=Vl+tan' 

Cos=V 1— sin' Cosec^V l+cot' 

95. ThedneofdO" i 

The cliard of GO" [ «'"«. ™ any circle, each equal 
And the tangent 0/46'' ) 
to the radius, and therefore equal to each other. 

Demonstration. 

1. In the quadrant ACH, (figure on the next page,) the 
arc AH is 90°, The sine of this, according to the definition, 
(Art. 82.) is OH, the radius of the circle. 

* SinS is hero put for tlie si^unro of the sine, eos^ fon the siiuare of th« 
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2. Let AS be an arc of 60°. 
Then the angle ACS, being mea- 
sured by this arc, will also con- 
tain 60"; (Art. 75.) and the tri- 
angle ACS will be equilateral. 
For the sum of the three angles 
is eqiial to 180=. (Art. 70.) 
From this, taking the angle ACS, 
■which is 60", the sum of the re- 
maining two is 120°. But these two are equal, because they 
are subtended by the equal sides, CA and CS, both radii of 
the circle. Each, therefore, is equal to lialf 120°, that is, to 
60°. Alltheanglesbeing equal, the sidM are equal, and there- 
fore AS, the chord of 60°, is equal to CS, the radius. 

3. Let AE be an arc of 45°. AD will be its tangent, and 
the angle ACD subtended by the arc, will contain 45°. TJie 
angle CAD is a right angle, because the tangent is, by defi- 
nition, perpendicular to the radius AC. {Art. 84.) Sub- 
tracting ACD, which is 45°, from 90°, (Art. 77.) the other 
acute angle ADC will be 45° also. Therefore the two legs 
of the triangle ACD are equal, because they are subtended 
by equal angles ; (Euo. 6. 1.) that is, AD the tangent of 45", 
is equal to AC the radius. 

Cor. The cotangent of 46° is also equal to radius. For 
the complement of 45° is itself 45°. Thus, HD, tlie cotan- 
gent of ACD, is equal to AC the radius. 

96, The sine of 30° is equal to half radius. For the 
Bine of 30° is equal to half the chord of 60°. (Art. 82. cor.) 
But by the preceding article, the chord of 60° is equal to 
radius. Its half, therefore, which is the sine of 30°, is equaj 
to half radius. 

Cor. I. The cosine of 60° is equal to half radius. For 
the cosine of 60° is the sine of 30°. (Art. 88.) 

Cor. 2. The cosine of 30°-iV3. For 

Cos" 30°=R'— sin" 30°=I — \-% 
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Therefore, 

Cos 30°=vi=iV3. 



K'=I^s:n' 4504-cos' 45=2 sin' 45" 

I 
Therefore, Sin 45''^=Vi'^= — 

9'7. The chord of any arc is a wiean proportional, between 
the diameter of the circle, and the versed sine of the arc. 

Let ADB, be an arc, of which 
AB is the chord, BF the sine, 
and AF the versed sine. The 
angle ABH is a right angle, (Euc. 
31. 3.*) and the triangles ABH, 
and ABF, are similar. {Euc. 8. 6.f ) 
Therefore, 

AH : AB : : AB : AF. 
That is, the diameter is to the chord, aa the chord to the 
versed sine. 

Let the arc AD=a, and ADB— 2ci. Draw BF perpen- 
dicular to AH. This will divide the right angled triangle 
ABH into two similar triangles. (Euc. 8. 6.) The angles 
AOD and AHB are equal. (Euc. 20. 3.J) Tlierefore the 
four triangles ACG, AHB, FHB, and FAB are similar ; and 
the line BH is twice CG, because BH : CG : : HA ; CA. 
The sides of the four triangles are, 
AG=sin a, CG=cos a. HF=vers. sup. 2a, 
AB=2 sin a, BH=3 cos a. AC=the radius, 
BF===sin 2a, AF=yers 2a, AH=the diameter. 
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A variety of proportious may be stated, between the 
homologoua sides of these triangles ; For instance, 

By comparing the triangles ACG and ABF, 
AC : AG : : AB ; AF,thatis,fi : sin a : : 2 sina : vers 2a 
AC : CO : 1 AB : BF, R : cosa: : 2 sinct : sin 2a 

AG- : CG :: AP : BF, Sin a : cos a : : vers 2a : sin 2a 



Therefore, 
Rxvers 2ffl=2sin'a 
Rxsin 2a»2sin axoos a 

Sm oXsin Solvers 2aXcos a 

By comparing the triangle: 
ACG and BFH, 




AC : CG : ; BH : HF, thatis,R : cos a : : 2co5 a ; vers. sup. 2a 
AG : CG : : BF : HF, Sin a : eos a : : sin 2a : vers. sup. 2a 

Therefore, 
Rxvers. sup. 2a=2 cos'a 

1, sup, 2a^cos aXain 2ffl 









That is, the product of radius into the versed sine of the 
supplement of twice a given arc, ia equal to twice the square 
of the cosine of the arc. 

And the product of the sine of an arc, info the versed 
sine of ttie supplement of twice the arc, is equal to the pro- 
duct of the cosine of the arc, into the sine of twice the 
arc, &c., &o. 
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SECTION IT. 

THE TRIGONOMETEICAL TABLES, 

Art. 98. To facilitate the operations in trigonometry, tie 
sine, tangent, secant, &c., liave been calculated for every 
degree and icinute, and in some instances, for every second, 
of a quadrant, and arrwiged in tables. These constitute 
what is called the Trigonometrical Cmmm. It is not neces- 
sary to extend these tables beyond W ; because the sines, 
tangents, and secants, are of the same magnitude, in one of 
the quadrants of a circle, as in the others. Thus the sine of 
SO" is equal to that of 150°. (Art. 90.) 

99. And in any instance, if we have occasion for the sine, 
tangent, or secant of an ohivse mtgle, we may obtain it, by 
looking for its equal, the sine, tangent, or secant of the mp- 
plementaa-'^ acute angle. 

100. The tables are calculated for a circle whose radius is 
supposed to be a unil. It may be an inch, a yard, a mile, 
or any other denomination of length. But tbe ii-ms, tan- 
ffenfs, &c., must always be understood to be of the same de- 
nomination as the radius. 

101. All the shies, except that of 90°, are less than radius, 
(Art. 83.) and are expressed in the tables by decimals. 

Thus the sine of 20° is 0.34202, of 60" is 0.86603, 

of 40° is 0.64279, of 89° is 0.9998S, &c. 

When the tables are intended to be very exact, the decimal 
is carried to a greater number of places. 

The tangents of all angles le^ tiian 45° are also less than 
radius. (Art 96.) But the tangents of angles greater than 
45°, are greater than radius, and are expressed by a whole 
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nurober and a decimal. It is evident that all tte secants also 
must he greater than radius, as they extend from the centre, 
to a point without the circle. 

103. The numbers in the table here spoken of, are called 
natural sines, tangents, &c. They express the lengths of 
the several lines which have been defined in Arts. 82, 83, 
»Sic. By means of them, the angles and sides of triangles 
may be accurately determined. But the calculations must 
be made by the tedious processes of multiplication and 
division. To avoid this inconvenience, another set of tables 
has been provided, in which are inserted the loffaritkms (tf 
the natural sines, tangents, &e. By the use of these, ad- 
dition and subtraetion are made to perform the office of mul- 
tiplication and divisiOTi. On this account, the tables of loga- 
rithmic, or as they are sometimes called, artificial sines, 
tangents, Ac, are much more valuable, for practical pur- 
poses, than the natural sines, &c. Still it must be remem- 
bered that the former are derived from the latter. The arti- 
ficial sine of an angle, is the logarithm of the natural sine 
of that angle. The artificial tangent is the logarithm of the 
natural tangent, &c. 

103. One circumstance, however, is to be attended to, hi 
comparing the two sets of taHes The radius to which the 
natural sines, &c., are calculated, is umtv (Art. 100.) The 
secants, and a part of the tangents aie, fheiefore, greater 
than a unit ; while the sines, and another pait of the tan- 
gents, are fess than a unit "When tbe loganthms of these 
are taken, some of the mdices will bo positive, and others 
neffative ; (Art. 9.) and the throwing of them together in the 
same table, if it does not lead to error, will at least be at- 
tended with inconvenience. To remedy this, 10 is added to 
each of the indices. (Art. 12.) They are then all positive. 
Thus the natural sine of 20° is 0.34202. The logarithm of 
this is 1.S3405. But the indes, by the addition of 10, be- 
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comes 10—1=9. Tiio ] 
therefore 9.53405.* 



Directions /or taking Sines, Cosines, Sc.,/rom the tables. 

104, The cosine, cotangent, and cosecant of an angle, are 
the sine, tangent, and seoaiit of the complement of the ailgle, 
(Art. 89.) As the complenient of an angle is the differ- 
ence hetween the angle and 90°, and as 45 is the half of 9 ; 
if any given angle within the quadrant is greater than 46°, 
its complement is less ; and, on the other hand, if tlie angle 
is less than 45°, its complement is greater. Hence, every 
cosiae, cotangent, and cosecant of an angle greater than 45°, 
has its equal among the sines, tangents, and secantsof angl^ 
less than 45°, and v. v. 

IS'ow, ti) hring the trigonometrical tables within a siaaH 
compass, the same column is made to answer for the sines 
of a numbci- of angles above 45°, and for the cosines of an 
equal number below 45°, 

Thus 0.23967 is the log. sine of 10°, and the cosine of 80°, 
9.53405 the sine of 20°, and the eodni of 10°, &e. 

Till, tank,i,nts and sei,-ints -ue inan^^pl ra a similar man- 
nei Hen e 

105 Tojtidtlie Ste Gotne Tanieat dc of any num.- 
itr of degrees and minutes 

It the given angle is less than 4^° look for the degrees 
at the t<^ of the table and the minuter on the left ; then, 
opposite to the minutes and under tbe word sine at the 
head of the cilumn will be found the sine under the word 
tin"ent will be found the tangent ic 

* Oc t! e tablsi n ly Vp auppo eci to 1)6 cal ulateii to the lodius 
10000000000 whose logar thm ib 10 
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Thelog.sinof 43=25' isO.SaTlS The tan of 1V= 20' is 9.49430 
of 17° 20' 9.47411 of 8046' 9.18813 

The cos of 17=20' 9.97982 Theootof 17° 20' 10.50570 

of 8=46' 9.99490 of 8° 46' 10.81188 

The first figure is the index ; and the other figures are the 

decimal part of tlie logarithm. 

106. If the g en an le b t een 45 and 90 ; look for 
the degrees at tl e 5 in of the table and the ninutes on 
the right ; then opp at to t) e n nutes and the word 
sine at the foot of the c lumn 11 1 f nd the sine; over 
the word tangent w il be f nd th tang t d. 

Particular ca ntltk hntle angle s less than, 
45°, to look for the title f th 1 mn at the top, and for 
the minutes on the left ; b t wl n the a gle is between 45° 
and 90°, to look for th t tl f th lumn at the hottom, 
and for the minutes, on the right. 

The log. sine of 81° 21' is 9.99503 
The cosine of 72° 10' 9,48607 

The tangent of 54° 40' 10.14941 
The cotangent of 63° 22' 9.70026 

107. If the given angle Js greater than 90°, look for the 
sine, tangent, &c., of its supplement. (Art. 98, 99.) 

The log. sine of 96= 44' is 9.99699 
The cosine of 171° 16' 9.99494 
The tangent of 130° 26' 10.06952 
The cotangent of 156= 22' 10.35894 

108. To find ike dne, cosine, tangent, &c., of any nuraber 



In the common tahJes, the sine, tangent, &o., are given 
only to every minute of a degree;* But they may be found 
to seconds, by taking proportional parts of the difference of 

• In tte very valuable tables of Michael Taylor, the mdeb and tan- 
gents are given to every srcaiid. 
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tke mimbers as they stand iti the tables For, within a sin- 
gle mmute the vanations in the sine tangent, &c., are 
n lily ptopoitional to the vanations m the aogle. Hence, 

io find the sine tangent S.a to seconds ■ Take out the 
number coriesponding to the givpn degiee and minute ; and 
dlbi that cone ponding to the i ext greater minute, and find 
fhpir difference Then state this ptopoition; 

As 60 to the gi\en numbei of seconds ; 

So IS the difterence f mnd to the correction for the seconds. 

This correction, in the case of sines, tangents, and secants, 
is to be added to the mimher answering to the given degree 
and minute ; but for cosines, cotangents, and cosecants, the 
correction is to be subtracted ; 

Ex. 1. What is the logarithmic sine of 14° 43' 10" ? 
The sine of 14° 43' is 9,40490 
of 14° 44' 9.40538 

Difference 48 

Here it is evident that the sine of the required angle is 
greater than that of 14° 43', but less than that of 14° 44'. 
And as the difference corresponding to a whole minute or 
60" is 48; the difference for 10" must be a proportional 
part of 48. That is, 

60" ; 10" : : 48 : 8 
the correction to bo added to the sine of 14° 43'. 
Therefore the sine of 14° 43' 10" is 9.40498. 
2. What is the logarithmic cosme of 32° 16' 45" ? 
The cosine of 32° 16' is 9.92'n5 
of 32= 17' 9. 92707 

Difference 8 

Then, 60" t 45" : : 8 : 6 the correction to be suhWacted 
from the cosine of 32° 16'. 
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Therefore the cosine of 32° 16' 45" is 9.92709. 

The tangent of 24° 15' 18" is 9.65376 
The cotangent of 31° 50' 5" is 10.20700 
Ihe sine of 68° 14' 82" is 9.92956 

The cosine of 65° 10' 36" is 9.75670 

If the given number of seconds he any even part of 60, 
as ■^, -J-, ^, &c., the correction may be found, by taking a Uka 
part of the difference of the numbers in the tables, without 
stating a proportion ia form. 

108. To find ihe decrees and minutes belonging to any 
given mie, tangent, <fic. 

This is reversing the method of finding the sine, tangent, 
&c,. (Art. 105, 6, V.) 

Look in the column of the same name, for the sine, tan- 
gent, &c., which is nearest to the given one ; and if the title 
be at the head of the column, take the degrees at the top of 
the table, and the minutes on the left; hut if the title be at 
the /oo( of the column, take the degrees at the lottom, and 
the minutes on the right. 

Ex. 1. What ia the number of degrees raid minutes he- 
longing to the logarithmic sine 9.82863 ? 

The nearest sine in the tables is 9.62865. Tlie title of 
sine is t^t the head of the column in which these numbers are 
found. The degrees at the top of the page are 25, and the 
minutes ou the left are 10. The angle required is, therefore 
25° 10'. 

The angle belonging to 



the sine 9.87993 ia 49° 20' the cos 9.97351 is 19" 48' 
the tan 9.97955 43" 39' the cotan 9.75791 60° 12' 
the sec 10.65396 77" 11' the cosec 10.49066 18° 51' 

110, To find th^ degrees, minutes, and s^cosdb, belonging 
to any given sine, tangent, t&c. 



Hosiecb, Google 



THE TRIGONOMETBICAL TABIES. 65 

This is reversing the method of finding the sine, tangent, 
&c., to seconds, (Art. 108,) 

First find the difference between the sine, tangent, &a., 
next greater than the given one, and that which is next lesa ; 
then the difference between this less nnmher and tlie given 

As the difference first found, is to the other difference ; 

So are 60 seconds, to the number of seconds, which, in the 
case of sines, tangents, and secants, are to be added to the 
degrees and minutes belonging to the least of the two num- 
bers taken from the tahles ; but for cosines, cotangents, and 
cosecants are to be subtracted. 

Ex. I, What are the degrees, minutes, and seconds, be- 
longing to the logarithmic sine 9,40498 ? 

Sine next greater 14° W 9.40538 Given sine 9,40498 

Next less 14" 43' 9.40490 INext less 9.40490 

Difference 48 Difference 8 

Then, 48 ; 8 : : 60" : 10'', which added to 14° 43', ^vea 
14" 43' 10" for the answer. 

2. What is the angle belonging to the cosine 9.09773 ? 

Cosine next greater 82° 48' 9.09807 Given cosine 9.09773 

Next less 82" 49' 9.09707 Next l^s 9.09707 

Difference 100 Difference 66 

Then, 100 ; 66 : : 60" : 40", which subtracted from 82° 
49', gives 82° 48' 20" for the answer. 

It must he observed here, as in all other cases, that of the 
two angles, the less has the greater cosine. 

The angle belonging to 

thesin 9,20621 is 9° 15' 6'' the tan 10.43434 is 69° 48' 16" 
thecos 9,98157 16= 34' 30" the cot 10.33554 24° 47' 16" 
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Mtth]l of Supplymi the Spiavii and Oo>,ecants 

HI. In some trigonometrn,-il tables, the secants and cose- 
cants aie not insetted But ttey may be easily obtained 
from the amc! and losines For, hj Ail 91 proportion 3d, 

That i";, thi- pioduct ot the cosine and secant, k eijuil to 
the sqiiaie of radius But, in loganthnis, addition takes thp 
place of multiphcition and, in the tables of logarithmic 
sines, tangents Ac , the radius is 10. (Art. 103.) There- 
fore, la thesp tables, 

cos+sec=20. Or sect=20— cos. 
Again, by Art 98, proportion 6, 

6inXcoseo=R'. 
Therefore, in the tahlea, 
ain+cosec=30. Or, cosec=20 — sin. Hence, 
112. To obtain the secant, subtract the cosine from 30 ; 
and to obtain the cosecant, subtract the sine from 20. 

These subtractions are most easily performed, by taking 
the right hand figure from 10, and the others from 9, as in 
finding the arithmetical complement of a logarithm ; (Art. 
55.) observing, however, to add 10 to the index of the secant 
or cosecant. lu fact the secant is the arithmetical comple- 
ment of the cosine, with 10 added to the index. 

For the secant ^20 — cos. 

And the arith. coinp. of cos =10 — cos, (Art. 54,) 

So also the cosecant is the arithmetical complement of the 
sine, with 10 added to the index. Tho tables of secants and 
therefore, of use, in furnishing the arithmetical 
plement of the sice and cosine, in the following simple 
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113 For the anthmeticil complement of tTie sine, sub- 
tract lij from the index of the cosecant; and for the arith- 
metical lomplement of the cosi te suhtr tct 10 from the index 
of the 'i cinf 

By this we may aa^e the trouble of taking each of the 
figures tiom 9 



SECTION m. 



SOLUTIONS OP RIGHT ANGLED TRIAWGLES. 

Art. 114. In a triangle there are six parts, three sides, 
and three angles. In every trigonometrical calculation, it is 
necessary that some of these should be known, to enable us 
to find the others. The number of parts which mast de 
given, is three, one of which must be a side. 

If only two parts he given, they will be either two sides, 
a side and an angle, or two angles ; neither of which wiH 
limit the triangle to a particular form and size. 

If two sides only be given, they may make any angle with 
each other ; and may, there- 
fore, he the sides of a thousand 
different triangles. Thus, the 
two lines a and 6 may belong 
either to the triangle ABO, or 
ABC, or ABC". So that it 
will be impossible, from know- 
ing two of the sides of a trian- 
gle, to determine the other p 




Hosiecb, Google 



w 




68 RIGHT ANGLED TnlANOLES. 

Or, if a side and an angle 
only bo g^yen, the triangle 
■will be indeterminate. Tlius, 
if the side AB and the an- 
gle at A be given ; they 
may be parts either of the 

triangle ABC, or ABC, or a' i> 

ABC". 

Lastly, if two angles, or even if all the angles be given, 
they will not determine the length of the sides. For the fji- 
angles ABC, A'B'C, A"B"C", 
and a hundred others which 
might he drawn, with sides par- 
allel to these, will all have the 
same angles. So that one of 
the parts given must always be 
a side. If this and any other 

two parts, either sides or angles, be known, the other three 
may be found, as will be shown, in this and the following 
section. 

IIB. Triangles are either right angled or oblique angled. 
The calculations of the former are the most simple, and those 
which we have the most frequent occasion to make. A great 
portion of the problems in the mensuration of heiglits and 
distances, in surveying, navigation and astronomy, are solved 
by rectangular trigonometry. Any triangle whatever may 
be divided into two right angled triangles, by drawing a per- 
pendicular from one of the angles to the opposite side. 

116. One of the six parts in a right angled triangle, is 
always given, via. the right angle. This is a cmistant quan- 
tity ; wliile the other angles and the adea are variable. It 
is also to be observed, that, if one. of the acuie angles is 
given, the other is known of course. For one is the com- 
plement of the other. (Art. 76, 77.) So that, in a rightangled 
triangle, subtracting one of (he acute angles from 90° gives the 
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other. There remain, then, only/mtr parts, one of the acute 
angles, and the three sides, to he sought by calculation. If 
any two of these be giyen, with the right angle, the others 
may be found. 

117. To JUustTat* the method of 
calculation, let a case he supposed in '^'■■... 

which a right angled triangle CAD, 
has one of its sides equal to the 
radius to which the trigonometrical 
tables are adapted. 

In the first place, let the base of the 
triangle be equal to the tabular radius. Then, if a circle be de- 
scribed, with this radius, about the angle C as a centre, DA. 
will be the tangent, and DC the secant of that angle. (Art. 
84, 85.) So that the radius, the tangent, and the secant of 
the angle at C, constitute the three sides of the triangle. 
The taugent, taken from the tables of natural sines, tangents, 
&c., will be the length of the pm-pendicalar ; and the secant 
wiil he the length of the hypothenuse If the tables used be 
ioganthmn, they will give the ?w(m(A»j3 of the lengths of 
the two sides 

In the same mannei any ^^ !1 

right aUjjled tiian^^le whate\ei 
■whose ba'e is equal to tl e 
radius of the tables will haic 
its othei two Bides found 
among the tangents and se 
cants Thus if the quadi mt 
AH be dmded mto poitions 
of lo° eaoh then in the 
tnangl« 

CAD, AD will be the tan, and CD the sec of 15", 
In CAD', AD' will be the tan, and CD' the sec of 30°, 
In CAD", AD" will be the tan, and CD" the sec of le^.^c. 
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118. In the aext place, let 
the h/pothenuse of a right angled 
triangle CBP, be equal to the 
radius of the tables. Then, if a 
circle be described, with the given 
radius, and about the angle C as 
a centre ; BF will be the sine, 
and BC the cosine of that angle. 
(Art. 83, 89.) Therefore the 

sine of the angle at C, taien from the tables, will be th9 
length of the perpendicular, and the cosine will be the length 
of the base. 

And any right angled triangle y 13 

whatever, whose hypothenuse 
is equal to the tabular radius, 
■will have its other two sides 
found among the sines and co- 
sines. Thus, if the quadrant 
AH, be divided into portions of 
15° each in the points F, F', F", 
&c. ; then, in the triangle, 

CBF, FB wiU be the sin, and OB the cos, of 15°, 
In CB'F', F'B' will be the sin, and CB' the cos, of 30°, 
In OB"F", F'rB" will be the sin, aiid CB" the cos, of 46°, &c, 

119. By merely tMming to the tables, then, we may find 
the parts of any right angled triangle which has one of its 
sides«qua] to the radius of the tables. But for determiii- 
ing the parts of triangles which have not any of their sides 
equal to the tabular radius, the following proportion is used ; 

As the radius of one circle. 
To the radius of any other ; 
So is a dne, tamgent, or secant, in one. 
To the sine, tangent, or secant, of the same number 
n, the other. 
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KIOHT ANGLED TEIAKGLES. 

In the two concentric ^ 

circles AHM, akm, the 
arcs AG and ag, contain 
the same number of de- 
grees. (Art. 74.) The 
siaes of these arcs are 
EG and l>g, the tangents 
AD and ad, and the se- 
cants CD and Ci^. The four triangles, CAD, CBG, Gad, 
and Gbg, are similar. For each of them, from the nature 
of sines and tangents, contains one right angle ; the angle at 
C is common to them »I] ; and the other acute angle in each 
is the complement of that at C. (Art. 11.) We have, then, 
'the following proportions. (Euc. 4. 6.*} 

1. CG : C^ : I BG : Iff. 

That is, one i-adius is to the other, as one sine to the other, 

2. CA : C(( ; : DA : da. 



That if 



e radius is to the other, a 



e tangent fo the other. 



e radius is to the other, a 



, BG : i 



; DA : 



: : CD : Qd. 



That is, as the sine in one circle, to the sine in the other ; 
so is the tangent in o le to the tangent in the other ; and so 
is the secant in one lo the secant m the other. 

This is a gtneral piini,ipk which may be applied to most 
trigonometri<^l calculations If one of the sides of the pro- 
posed triangle be made ridiua each of the other sides will 
be the sine, tangent or si,i,ant of an arc described by this 
radius. Proportions are then "stated between these lines, 
and the <aEw?(H lodius sine taigent Ac. 



* Thomson 18. 4. 



Hosiecb, Google 



12 KIBHT ANGLED TRUNGLES. 

120. A line is said to be made radius, when, a circle is 
described, or supposed fo be described, whose serai-diameter 
is equal to the hne, and whose centre is at one end of it. 

121. In any right angled triangle, i/^ i^ HYPOTHBNtrsH be 
made radius, one of the legs will he a sihe of its opposite 
angle, and the other leg a cosins of ike same angle. 

Thus, if to the triangle ABC 
a circle be applied whose radius 
is AC, and whose centre is A, 
then. BC will be the sine, and 
BA the cosine, of the angle at 
A. (Art. 82, 89.) 

If, while the same line is \ *'" " 
radius, the other end C be made 
the centre, then BA will be the aiite, and BO the m 
the angle at C. 

122. If either of ihe legs be made radius, the other leg will 
be a TANGENT of its opposite angle, and the hypothenuse will 
he a SEOANT of the same angle ; that is, of the angle 
the secant and the radius. 



!, of 





Thus, if the base AB (Fig. 15.) he made radius, the centre 
being at A, BC will be the tangent, and AC the secant, of 
the angle at A. (Art. 84. 85.) 

But, if the perpendicular BC, (Fig. 16.) he made radius, 
with the centre at C, then AB will be the tangent, and AC 
the secant, of the angle at C. 

123. As the side which is the sine, tangent, or secant 
of one of the acut« angles, is the cosine, cotangent, or cose- 
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cant of the otlier ; (Art, 89,) tlie perpendicular BO (Fig. 14.) 
is the sine of the angle A, and the cosine of the angle C ; 
while the base AB, is the sine of the angle C, and the codne 
of the angle A. 

If the basG is made radius, as in Fig 15, the perpendicular 
BC is the tangent of the angle A, and the cotangent of the 
angle C ; while the hypothenuse is the secant of the angle 
A, and the cosecant of the angle C, 

If the perpendicular is made radius, as in. Fig. 16, the 
hase AB is the tangent of the angle C, and the cotangent of 
the angle A ; while the kypolhenuse is the secant of the angle 
C, and the cosecant of the angle A. 

124 Wl U I d t n^! p p d h e 



I 



formed f m th t g 

117, 118) Tl p t qui 
proport b tw t! 

sides f tl t t ai gl 
the tr 1 p p d b il 
(Fig. 17) tl 6 m y 

formed h tl 

with th first h t d ff ng f 
it in tl 1 tl f t d 



f tl 



! bl 



(\t. 



to corr p I 
be mad ad 
lines of th 
of the ( 



h th mb th t bl 

both th m g I 

1 th t f th p 

th p pe d I 




f tl b 



other 



lib 



If th hyp the 
Fig. U th p p 
angle t d tl 

the eq al 



ill 11 b th / 6 / 
d 1 BG ill b 



A 1 f h hAC d 

If the base in each triangle be made radius, as in Fig. 15, 
tlien the perpendicular he, will be the tabular tangmt of the 
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ai^le at a ; aad BC will be a tangent cf the equal angle A, 
in a circle of which AB, is radius, &c. 

125, From the relations of the similar sides of these tri- 
apgles, are derived the two following theorems, which are 
sufficient for calculating the parts of any right angled tri- 
angle whatever, when the requisite data are furnished. One 
is used, when a side is to be found ; the other, -when aa 
anffle ia to he found. 



Theohem I, 
126. When a side is required ; 



SAME 1SA.UE WITH 1AE REQSIBED '^ID£, 
To THE PBQMIBBD aiDC 

It win be reidily seen that this is nothmg more than a, 
statement m genenl term of the proportions hetween the 
similar sides of two triangles oie puj sed for i-ol ttion, and 
the other formed fiom the niimhers> m (he tablei 

Thus if the hj-pothenuse \e 
ffivm and the haae <a peipcn 
dicular be require I then m 
Fig 14 -where ac ja the tabular 
radius i the tabular sine of i 
01 its equal A and ah the tab 
Tilaismeof C (Ait 124) 

: AC : : &c : BC, that is, R : AC : : sin A ; BC. 




ac : AC : : a6 ; AB, 



R : AC : : sin C ; AB. 
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RIOST AHOLED 




le 


^ 


^; 


'■1' 


iT "^-.i 



In Fig. 15, where ah is the tablBar radius, ac the tabular 
secant of A, and 6c the tabular tangent of A ; 
oc : AO : : 6c : BC, that is, -sec A : AC ; ; tan A : EC. 
nc : AC : : o6 : AB, sec A ; AC : : R : AB. 

In Fig. 16, where he is the tabular radius, ac the tabular 
secant of C, and oi the tabular tangent of O ; 
oc : AC : ; ie : BC, that is, sec ; AC : : R ; BC. 
<w : AC : : a6 : AB, sec C : AC : ; tan C ; AB. 



Theoebm II. 
ngle is required ; 

i GIVEN SrDE MADE RADIUS, 
5 TABULAR HABIUS ; 

R, TASGENT, AC, OF THH 



Thus, if the side made radius, and one other side be given, 
then, in Fig, 14, 

AC : ac : : BC ; 6c, that is, AC : R : : BC : sin A. 
AC : oc : : AB : o5, AC : R : : AB ; sin C. 



In Fig. 16, 
: : BC : 6c, that is, AB 
: : AC : «c, AB 



: ; BC : tan A. 

: : AC ; sec A. 



BC : 6c : : AB ; ah, that i 
BG : iw : : AC : ac> 



; : AB : taa C. 
: : AC : sec C 
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76 EIGHT ANQLED IRIAHaLB^. 

It will be observed that ia these theorems, angles are not 
introduced, though they are among the quantities which are 
either given or required, in the calculation of triangles. But 
the tabular sines, tangents, &c„may be considered the J-epre- 
sentatives of angles, as one may be found from, the other, by 
merely turning to the tables. 

128. In the theorem iaj finding a side, the first term of 
the proportion is a tabular number. But, in the theorem foi 
finding an angle, the first term ia a side. Hence, in apply- 
ing the proportions to particular cases, this rule is to he ob- 
served ; 

To find a side, iegin with a tdbvlar rmmher. 
To Jmd an anglb, hegin with a side. 
Badiiis is to be reckoned among the tahular numbers. 

129. In the theorem for finding an angle, the first term is 
a side made radius. As in every proportion, the three first 
terms must bo given to enable us to find the fourth, it is evi- 
dent, that where this theorem is applied, the side made 
radius must be a given one. But, in the theorem for finding 

. a side, it is not necessary that either of the terms should he 
radius. Hence, 

130. To find a side, ant side mag be made radius. 

To find an anolb, a aivBw side must be made radius. 

It wiU generally he expedient, in both eases, to maka 

radius one of the terms in the proportion ; because, in the 

tables of natural sines, tangents, &c., radius ia 1, and in the 

logarithmic tables it ia 10. {Art. lOS.) 

131. The proportions in Trigonometry are of the same 
nature as other simple proportions. The fourth term is found, 
therefore, as in the Rule of Three in Arithmetic, hy fiiulli- 
plying together the second and third terms, and dividing their 
product hy the first term. This is the mode of calculation, 
when the tables of naAural sines, tangents, &c., are used. 
But the operation by logarithms is so much more expeditious. 
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RI&HT AKGLED TRIAKGLKS. 11 

that it has almost entirely superseded the other method. In 
logarithmic calculations, addition takes the place of mnltipli- 
cation ; and subtraction the place of division. 

The Jogarithms expressing the lengths of the sides of a 
triangle, are to be takea from the tables of common loga- 
rithms. The logarithms of the sines, tangents, <fec., are found 
in the tahles of artificial sines, &c. The calculation is thea 
made 6y adding the second and third terms, and s'obtrmting 
the first. (Art, 62.) 

132. The logarithmic radius 10, or, as it is written in the 
tables, 10.00000, is so easily added and subtracted, that the 
three terras of which it is one, may be considered as, in 
effect, reduced to two. Thus, if the tabular radius is in the 
Jirst term, we have only to add the other two terms, and 
then take 10 from the index ; for this is subtracting the first 
term. If radius occurs in. the second term, the first is to ha 
subtracted from the third, after its index is increased by 10. 
In the same manner, if radius is in the third term, the first is 
to be subtracted from the second, 

133, Every species of right angled triangles may be 
solved upon the principle, that the sides of similar triangles 
are proportional, according to the two theorems mentioned 
above. There will be some advantages, however, in giving 
the examples in distinct classes. 

There must be given, in a right angled triangle, two of the 
parts, besides the right angle. {Art. 116.) These may be; 

1. The hypothenuse and an angle; or 

2. The hypothenuse and a leg ; or 

3. A leg and an angle ; or 

4. The two legs. 



134. Given S Tie !>??«»>»«». j ,„,„j ( Tl.e base and 
{ And an angle, ) ( Perpendicular. 
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W EIGHT ANGLED IRl 

Ex. 1. ilf thehypothenuse AC,* 
be 45 miles, and the angle at A 
32° 20', what is the length of the 
base AB, and the perpendicidar 
BO? 

In this case, as sides only are 
required, any side may be made 
nadios. (Art. 130.) 

If the hypothenuse he made 
radius, BC will be the ejne of 
A, and AB the sine of C, or the 
cosiae of A. {Art. 121.) And 
if abc be a similar triangle, 
whose hypothenuse is equal to 
the tabular radius, be will be the 
fibular sine of A, and ab the 
tabular sine of C, (Art. 124.) 

To find the perpendicular, then, by Theorem I, we have 
this proportion ; 

ac : AC : : be : BC. 
Or R : AC : : Sm A : BO. 

Whenever the terms Kadius, Sine, Tangent, &o., occur in a 
proportion like this, the tabular Badius, &c., is to he under- 
stood, as in Arts. 126, 127. 

The numerioal calculation, to find the length of BO, may 
be made, either by natural sines, or by loffarithms. See 
Art. 131. 




By natural Sines. 
i : : 0.53484 : 34.068=BO. 



• The parts which are given are distinguished by a mnrlc across th< 
e, or at the opening of the angle, and the parts reqimtg, hy a dpher 
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19 



Computation hy Logarithins. 

As radius lO.OOOOG 

To the hypothenuse 45 1.6S321 

So is the Sine of A 32° 20' 9.T2823 

To the perpendicular 24.068 1.38144 

Here the logarithms of the second and third terms are 

added, aad fwm the sum, th« first tenn 10 is subtracted. 

(ArL 132.) The remainder is the logarithm of 24.068=BC. 

Subtracting tlie angk at A from 90°, we have the angle at 

C-^ST" 40'. (Art. 116.) Then to find the base AB; 



Or I 



: AG : : ab : AB 
: AC:: 



: AB=3 8.023. 



Both the sides required are now found, by making the 

hypothenuse radius. The results here obtained may be veri- 

g either of the otk-er sides radius. 





If the hoie be made radius, as in Fig. 15, the perpen- 
dicular will be the tangent, and the hypothenuse the secant 
of the angle at A. {Art. 122.) Then, 

Sec A : AC : : E. : AB 
R : AB : : Tan A ; BO 

By making the arithmetical calculations, in these two pro- 
portions, the values of AB and BO, will he found the same 
as before. .; . 

if the perpendicular be made radius, as in Fig. 16, AB 
will be the tangent, ajid AC the secant of the angle at C. 
Then, 



Hosiecb, Google 



BIQHT ANGIED TRIANGLES. 

Sec : AC : : R : BC 
: Tan C : AB 



: BC 



Ex. 2. If the hypotheause of a right angled triangle be 
250 rods, and the ang-le at the base 46" 30' ; what is the 
length of the base and perpendicular 1 

Ans. The base is 172. 1 rods, and the perpendic. 181.35. 



135. 0™!™''"°,"'°°" 
■ ( And one leg. 



! loM jTl.e.ngIes.nd 
1 ( The other leg. 




Ex. 1. If the hypothenuse be 35 
leagues, and tJie base 26 ; what is 
the length of the perpendicular, 
and the quantity of each of the 
acute angles ? 

To find the angles it is necessary 
that one of the (/iven, sides he made 
radius. (Art. 130,) 

If the hifpothenuse be radius, the base and perpendioalar 
will be sines of their opposite angles. Then, 

AC : R : : AB : Sin C-=47'' 68^' 

And to find the perpendicular by Theorem 1; 
R : AC : : Sin A : BC-=23.43 

If the base be radius, the perpendicular will be langenl, 
and the hypothenuse secant of the angle at A. Then, 
AB ; R r : AC : Sec A 
R ; AB : : Tan A : BC 

In this example, where .the hypothenuse and base are 
given, the angles cannot be found by mating the perpen- 
dicular radius. For to find an angle, a given dde must be 
made radius. (Art. ISO.) 
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136. Ex. 2. If the hypothenuse be 54 
miJes, and the perpendicular 48 miles, 
wliat are the angles, and the base ? 

Making the hypothenuse radius. 
AC : E : ; BC : Sin A 
R : AC : : Sin C : AB 

The numerical calculation will give A=62° 44' and AB 
=24.74. 

Making- ilis perpendicular radiua. 
BC : E : : AC : Sec 
R : BC : : Tan C : AB 

The angles cannot be found by making the iase radius, 
when its length is not given. 



■,„- r<- { The anffles, ) , c , I The hypothenuse, 

187. Given ! , i= • ( to find /»^ ' 

( and one leg. ) ( and the other leg. 



Ex. 1. If the base be 60, and the 
angle at the base 47° 12', what is the 
length of the hypothenuse and the per- 
pendicular ? 

In this case; as sides only are re- 
quired, any side may be radius. 

Mating the hypoiltenuse radius. 
Sin C : AB : : R : AC=8a.8I 
R ; AC : : Sin A ; BC=04.8 
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Making Uke hose radios, (Fig. 20.) 
R : AB : : Sec A : AC 

E : AB : : Tan A : BO 

Making the perpendicular radius, 

Taa C : AB : : R : BO 

E : BC : : Sec C : AC 



138. Ex. 3. If the perpen- 
dicular be 74, and the angle 
C 61° 27', -what is the length 
of the hase and the hypothe- 
nuse ? 



Making the kypoihmme radius. 
Sin A : BC r : R : AO 




: AO; 



: AB 



Making tlie base radius. 

Tan A : BC : : E : AB 
R : AB : : sec A : AC 
Making the perpendicular radius, 
R : BC : : sec C : AC 
R : BC : : tan O ; AB 
The hypothenuse is 154,83 and the base 136. 

Cash IV, 
139. Given S '^''^ ^^^^' ^^ \ to find \ "^^^ VP^tlienuse, 



Ex. 1. If the base be 284, and 
the perpendicular 192, what 
are the angles, and the hypothe- 

In this case, one of the legs 
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must be made radius, to find aa angle ; because tlie hypotba- 

nuse is not given. 

Mating tbe hase radius. 

AB ; R ; : BC : tan A=34° 4' 
E : AB : : see A : AC=342.84 

Making tbe perpendianlar radius, 
BC : R : : AB : tan C 
E : BC : : sec C : AC 
Ex. 2. If the base be 040, and the perpendicular 480, 
what are the angles and hypothcnuse ? 

Ans, Tbe hypotlienuse is 800, and the angle at tbe base 
36° 52' 12". 

Sxamples for Practice, 

1. Given tbe bypothenuae 88, and tbe angle at tbe base 

38° IJ' ; to find tbe base and perpendicular. 

2. Given the hypothenuse 850, and tbe base 594, to find 

tbe angles, and tbe perpendicular. 
8. Given the bypothenuse 78, and perpendicular 57, to 

find the base, and tlio angles, 
4', Given tbe base 723, and the angle at tbe base 64° 18', 

to find the bypothenuse and perpendicular. 

5. Given the perpendicrdai 632, and the angle at tbe base 

81° 36', to ind the hypotbenuae and the bai-e 

6. Given tbe bise 32, and the perpendicitlai 24, to find 

the bypothenuse, aad the angles. 
140. The preoedmg solutions are all effected, by means 
of the tabular sines, tangents, and secants But, wten any 
two sides of a ngbt angled tnaJigle aie given, the third side 
may be found, without the aid of the tngonomctncal tables, 
by tbe proposition, tbat the aguart of the hypothenuse is equal 
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to the mm of the squares (f the two perpendicular sides. 
(Eua 47. 1.) 

If tho legs be given, extracting the square root of the sum 
of their squares, will give the liypothenuse. Or, if the hypo- 
thenuse and one leg be given, extracting the square root of 
tie difference of the squai'es, ivill give the other leg. 

Let A=tlie hypotheiiuse 1 

i>=the perpendicular [ of a right angled triangle. 
S^the baae ) 

Then A'=6"-t-i>', or {Alg. 248.) h'=\¥Tf 
By trans, V^Ji' — p^, or i^vK' — p'' 

And p^=^K'—Ji', or ^^v/i'— 6' 

Ex. 1. If the base m 32, aiid the perpendicular 24, what 
is the hypotlieniise 1 Ans. 40. 

2. If the hypothenuse is 100, and the base 80, what is 
the perpendicular? Ans. 60. 

3. If the hypothenuse is 300, and the perpendicular 230, 
what is the haso ? 

Ans. 300' — 220'=416O, the root of which is 204 nearly. 

141. It is generally most convenient to find the difference 
of the squares hy logarithms. But this is not to he done by 
iubtraction. For subtraction, in logarithms, performs the 
office of division. (Art. 41.) If we suhtract the logarithm 
of B" from the logarithm of A', we shall have the logarithm, 
not of the differeme of the squares, but of their quotient. 
There is, however, an indirect, though very simple uiethod, 
by which the difference of the squares may be obtained by 
logarithms. It depends on the principle, tiiat the difference 
of the squares of two quantities is equal to the product of the 
sum and difference of the quantities. (Alg. 101.) Thus, 

h'—b'={h+b}x{h~l) 
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as wOl be seen at once, by performing the multiplication. The 
two fafltora may be miiltiphed hy adding their logarithms, 

142. To obtain the difference of the squares of two quanti' 
ties, add the logaiithm, of the sum of the quantities to the 
logarithm of their difference. After the logarithm of the 
difference of the squares is found ; the square root of this 
difference is obtained, by dividing' the logarithm by 2. 
(Art. 47.) 

Es. 1. If the hypothenuse be 75 inches, and the base 45, 
what is tiie length of the perpendicular? 

Sum of the given sides 120 

Difference of do. 30 

Dividing by 

Side required 60 

2, If the hypothenuse is 13a, and the perpendicular 108, 
what is the length of the base ? Ans. 81„ 



SECTION IV, 

HOLUTIONS OF OBLiaUE ANGLED 

Art. 143. The sides and angles of oblique angled triau' 
gles may be calculated by the following theorems. 



In any plane triangle, the eisEa o^ the angms j 

tH£IR OPPOSITE SViES, 
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Let tlie angles be denoted by the letters A, B, C, and their 
opposite sides by a, b, a, as in Fig. 23 and 24, From one 





of the angles, let the Mne p he drawn perpendicular fo the 
opposite side. This will fall either within or without the 
triangle. 

1. Let it fall teitkin as in Fig. 23. Then, in the right 
angled triangles ACD, and BCD, according to Art, 126, 
B. : b::smA : p 
R : 01 : : sin B : j3 
Here, the two extremes are the same in both proportions. 
The other four terms are, therefore, reciprocally proportion- 
al;* that is. 



2. Let the perpendicular^ fall without the triangle, as in 
Fig. 34. Then in the right angled triangles ADD and 
BCD; 



Therefore, as before, 

a : 6 : : sia A : sin B. 
Sin A is here put both for the sine of DAC, and for that 
of BAC. For, as one of these angles is the supplement of 
the other, they have the same sine. {Art. 90,) 

The sines which are mentioned here, and which are used 

♦ Euclid, S3. S. 
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in caloulation are tabular sines. But the proportion will be 
the same, if the sines be adapted to any other radius. (Art. 

lis.) 

Theoeeu II. 
14i. In a plane triangle. 

As THE SUM OF ANY TWO OF THE EIDEa, 

To THEIH. Dt¥]?BBEKCB ; 

So IS THE TANGENT OF HAIS THB SUM OF THE 

OPPOSITE ANGLES ; 
To THE TAKBENT OF HALF THEIR DIPFBIWaiCB. 

Thus, the sum 
of AB and AC, ^ AC 

is to their differ- 
ence; as the tan- 
gent of half the 
sum of the an- 
gles ACB and 
ABC, to the fan- 
gent of half their difference. 



Estend CA to G, making AG equal to AB ; then CG is 
tlie sum of tfie two sides AB and AC. On AB, set off AD, 
equal to AC ; then BD h the difference of the sides AB and 
AC. 

The sum of the two angles ACB and ABC, is equal to 
the sum of ACD and ADC ; because each of these sums is 
the supplement of CAD. (Art. T9.) But as AC=AD by 
construction, the angle ADC=ACD (Euc. 6 1.*) There- 
fore ACD is half iU sum of ACB and ABO. As AB=AG, 
the angle AGB=ABG, or DBE. Also, GCE, or ACD=. 
A.DC=BDE. (Euc. I5. l.f) Therefore in the triangles 

* Thomaon'B Legendre, 11, !. -f Ibii 4. 1. 
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GCE, and DBE, 
the two remain- 
ing angles DEB, ''^^-,. 
and CEG, are ""~^--^ 

equal; {Art. 79.) 
So that CE is 
perpendicular to 
BG. (Euc. Def. 

7. 1.*) If then CE is made radius, GE is the tangent 
of GOB, (Art. 84.) that is, the tangent of half Ike sum of 
tlie angles opposite to AB and AC. 

If from the greater of the two angles ACB and ABC, 
theie be tal.en ACD their half sum; the remaining angle 
ECB will he then half difference. The tangent of this an- 
gle, CE bemg radius, is EB, that is, the tangent of half the 
difference of the angles opposite to AB and AC. We have then, 

CG=the sum of the sides AB and AC ; 

DB=theii: difference ; 

GE=the tangent of half the sum of the opposite angles ; 

EB=the tangent of half their difference. 
But by similar triangles, 
CG : DB : : GE : EB. Q. E. D. 

Theorem III. 
145. If upon the longest side of a triangle, a perpendicular 
be drawn from the opposite angle ; 

As THS LONGEST SIDE, ^y'' '"""XD 

To THB SUM OS TH£ TWO OIHEBS J / X'S 

So IS THB DIFFEBUNOB OF THE / y \ 

LATTER, I /T\ ■ 

To THE DIFrBBEBOE OF THE SB&- \ a/^ !P ^N^ / 

MEKTS MADE BY THB PKEPBN- ^^^' _„^^-'' ^ 

BicuWR. "■■ — 28 

I Legendre, Def. 13, 1. 
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In the triangle ABC, if a perpendicular be drawn from 
C upon AB ; 

AB : CB-f CA : : OB— CA : BP—PA.* 



DemoMtration. 
Describe a circle on tte centre 0, and with the radius BC. 
Through A and C, draw the diameter LD, and extend BA 
to H. Then by (Euo. 35. S.f) 

ABxAH=ALxAD 
Therefore, 

AB : AD : : AL ; AH 
But AD=OD+OA=CB+CA 
And AL==CL— CA=CB— CA 

And AH^HP— PA=BP— PA (Euc. 3. 3.— Thorn. 6. 2.) 
If, then, for the three last terms in the proportion, we sub- 
stitute their equals, we have, 

AB : CB+CA : : CB— CA ; PB— PA. 

146. It is to be observed, that the greater segment is next 
the greater side. If BC is greater than AC, PB is greater 
than AP, With the radius AC, describe the arc AN. The 
segment NP=:AP. {Euc. 8. 3.) But BP is greater than BP. 

147 . The two segments are to each other, as the tangents 
of the opposite angles, or the cotangents of the adjacent an- 
gles. For, in the right angled triangles ACP, and BCP, if 
OP be made radius, {Art. 126.) 

R : PC : : Tan ACP : AP 

R : PC : : Tan BCP ; BP 

Therefore, by equality of ratios, (Alg. 3464) 

Tan ACP ; AP : : Tan BCP : BP 

* See note B. t Thomson's Legendre, 3B. 4. Cor. 1 Euc. 11. L 
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That is, tlie segments are as the tangents of the o 
angles. And the tangents of these are the cotant/ents of the 
adjacent angles A and B. (Art. 89.) 

Cor. The greater segment is opposite to the greater angle. 
And of the angles at the base, the less is nest the greater 
side. If BP is greater thaa AP, the angle BOP is greater 
than ACP ; and B is less than A. (Art. 11.) 



148. To enable us to find the sides and angles of an 
oblique angled triangle, three of them must be given. (Ait. 
114.) 

These may be, cither 

1. Two angles and a side, or 

2. Two sides and an angle opposite one of them, or 

3. Two sides and the included angle, or 

4. The three sides. 

The two first of these cases are solved by Tiieorem I, (Art 
143.) the third by Theorem 11, (Art. 144.) and the fourth by 
Theorem III. {Art. 145.) 

149 In making the calculations, it must be kept in mind, 
that the greater side is always opposite to the greater angle, 
{Euc 18, 19. 1.*) that there can be only one obtme angle in 
a triangle, (Art. 76.) and therefore, that the angles opposite 
to the two least sides must be acute. 

Cash I. 

150. Given, 
Two angles, and ) ( The remaining angle, and 

A side, \ *'' ^""^ I The other two sides. 
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to be^tt ttUIi a 



The third angle is found by merely subtracting the sum 
of tlie two which iire given from 180°. (Art. TS.) 

The sides are found, by stating, according to Theorem I, 
the following proportion ; 

As the sine of the angle opposite the given side, 
To the length of the given side ; 
So is the sine of the angle opposite the required side 
To the length of the required side. 
As a side is to he found, it 
tabular numhm: 

Ex. 1. In the triangle ABC, the 
side fi is given 32 rods, the angle A 
56° 30', and the angle C 49" 10', to 
find the angle B, and the sides « 
andc. 

The sum of the two given angles 
fi6= 20'+49° 10'=105° 30' ; which 
subtracted from 180°, leaves 74° 30' 
the angle B. Then, 

( Sin A : a 
( Sin C : c 




SinB : 



Calculation by logarithms. 




As the sine of B 


'74= 30' 


«. c. 


0.01609 


To the side 5 


32 




1.50516 


So is the sine of A 


56° 20' 




9.92027 


To the side a 


■2T.64 




1.44151 


As the sine of B 


74° 30' 


a.c. 


0.01609 


To the side 6 


32 




1,50515 


So is the sine of C 


49° 10' 




9.8788T 


To the side c 


25.13 




1.40011 



.e arithmetical complement used in the first term here, 
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may be found in the usual way, or by taking out the turn' 
cant of the given angle, and rejecting 10 from the index. 
(Art. 113.) 

Ex. 2. Givea the side h 71, the angle A lO'?" 6', and the 
angle C 27° 40' ; to find the angle B, and the sides a and c. 
The angle B is 45° 14'. Then, 

( Sin A : 0=95.58 
8m B : 6 : : ^g^^ . ^^g ,jg 

When one of the given angles is obtuse, as in this exam- 
ple, the sine of its S'upplement is to be taken from the tables. 
(Art. 99.) 



( The other two angles. 

One of the required angles is fomid, by beginning with a 
side, and, according to Theorem I, stating the proportion. 

As the side opposite the given angle. 
To the sine of that angle ; 
So is the side opposite the required angle. 
To the sine of that angle. 

The third angle is found, by subtracting the sum of the 
other two from 180° ; and the' remaining side is found, by 
the proportion in the preceding article. 

152. In this second case, if the side opposite to the given 
angle be shorter than the other given side the solution will 
be ambiguous. Two different triangles may be formed, each 
of which will satisfy the conditions of the problem. 
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Let the side b, the angle 
A, and the length of the 
side opposite this angie be 
given. With the latter for 
radius, (if it be shorter 
than 6,)describe an arc, cut- 
ting the line AH in the 

points B and B^ The lines BC and B'O, will be equal. So 
that, with the same data, there may be formed two different 
triangles, ABC and AB'C. 

There will be the same ambiguity in the numerical calcu- 
lation. The answer found hy the proportion will be the sine 
of an angle. But this may be tlie sine either of the acate 
angle AB'O, or of the obtme angie ABC. For, BC being 
equal to B'C, the angle CB'B is equal to CBB'. Therefore 
ABC, which is the supplement of CBB', is also the supple- 
ment of CB'B, But the sine of an angle is the same, as the 
sine of its supplement. (Art. BO.) The result of the calcu- 
lation, will, therefore, he ambiguous. In practice, however, 
there will generally be some circumstances which will deter- 
mine whether the angle required is acute or obtuse. 

If the side opposite the given angle be hnffer than the 
other given side, the angle which is subtended hy the latter, 
will necessarily he acute. For there can be but one obtuse 
angle in a triangle, and this is always subtended by the long- 
est side. (Art. 149.) 

If the ffiveii angle be obtuse, the other two will, of course, 
be acute. There can, therefore, be no ambiguity in the 
solution. 

Ex, 1, Given the angle A, 35° 20', the opposite side a 50, 
and the side i 70 ; to find the remdning side, and the other 
two angles. 

To find the angle opposite to 6, (Art. 161.) 
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The calculation liere gives the acute angle AB'C 64° 3 
60", and the obtuse angle ABC 125° 66' 10". If the latter 
be added to the angle at A 35° 30', the sum will be 161° 10' 
10", the supplement of which, 18° 43' 50", is the angle 
ACB. Tiien in the triangle ABC, to find the side c=AB, 
Sin A : a : : sia C : c=21.':G 

If the (Kule angle AB'C 54° 3' 50" he added to the angle 
at A 35° 20', the sum will he 89° S3' 60", the supplement 
of which, 00° 36' 10", is the angle ACS'. Then, in the tri- 
angle AB'C, 

Sin A : CB' ; : sin C : AB'=86.45. 



Ex. 2. Given the angle at A, / \ 




63° 35', the side h 64, and the s/ V 




side a 12; to find the side c, and / 


\ 


the angles B and C. / 


A 




B 


a : sin A : : 6 : sin B=52° 45' 25" 




SinA : «::sinC ; c=7a.0o 





The sum of the angles A and B, is 116° 30' 36", the sup- 
plement of which, 63° 39' 35", is the angle 0. 

In this example the solutionis not amhiguous, because the 
side opposite the given angle is longer than the other given 
side, 

Ex. 3. In 3 triangle of which the angles are A, B, and C, 
and the opposite sides a, 5, and c, as before ; if the angle 
A be 121° 40', the opposite side a 68 rods, and the side 6 47 
rods ; what are the angles B and C, and what is the length 
of the side c ? Ana. B is 36° 2' 4", C 22° 11' 56", and a 
30.3. 

In this example also, the solution is not ambiguous, be- 
cause the c/ivert angle is obtuse. 
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153. Given, 
Two sides, and ) ( The remaining side, and 

The included angle, ( ( The other two angles. 

In this case, the angles are found by Theorem II. (Art, 
144.) The required side may be found by Theorem I. 

In making the solutions, it will be necessary to observe, 
that by subtracting the given angle fioiQ X80°, the sum of 
the other two angles is found ; (Art. 79.) and, that adding 
half the difference of two quantities to their half sum ^iv^s the 
greats qvathlit^, am? subtracting the half difference from the 
half sum gives the less. The latter proposition may be geo- 
metrieally demonstrated thus ; 
LetAE,bethe 

greater of two - 

magnitudes, and 

BE the less. Bisect AB in D, and make AC equal to BE. 

Then, 

AB is the sum of the two magnitudes ; 
CE 'ik&a difference ; 
DA or DB half their mm ; 
DE or DC half their difference ; 
But DA+DE=-AE the greater magnitude ; 
And DE— DE=BE the less. 
Ex. 1. In the triajigle ^ 

ABC, the angle A is given 26° 
14', the side 6 39, and the 
side e 53 ; to find the angles B 

and C, and the side a, " -a 

The sum of the sides 6 and cis 53+39=93 
And their difference 53—30=14 

The sum of the angles B and C-BlSO^—ae" 14'=153° W 
And kdf the sum of B and C is IQ" 5^ 



Hosiecb, Google 



76° 


53' 
8 


50 


110 


I 


50 


43 


44 


JO 



Then, by Theorem II, (Fig. 30.) 
{h+c) : (6— c) ; : tan i(B+C) : tan f (B*0) 
To and from the half sum 
Adding and subtracting the haif difference 
We Lave the greater angle 
And the less angle 

As the greater of the two given sides is e, the great«i 
angle is 0, and the less angle B. (Art. 149.) 
To find the side a, hy Theorem I. 

Sin B ; 6 : : sin A : a=24.94. 
Ex. 2. Given the angle A 101° 30', the side 6 76, and the 
ade e 109 ; to find the angles B and C, and the side a. 
B is 30= 57i', C 47° 32f, and a 144,8 

Case IV. 

154. Given the three sides, to find the angles. 

In this case, the solutions may be made, by drawing a per- 
pendicular to the longest side, from the opposite angle. This 
will divide the given triangle into two ri^ht angled triangles. 
The two segments may be found by Theorem III. (Art. 145.) 

There will then be given, in each of the tight angled tri- 
angles, the hypothenuse and one of the legs, from which the 
angles may be determined, by rectangular trigonometry. 
(Art. 135.) 

Ex. 1. In the triangle ABC, c 

the side AB is 39, AC 35, and 
BC 27. What are the angles ? 

Let a perpendicular be drawn 
from C, dividing the longest side 
AB into the two segments AP 
Mid BP. Then hy Theorem III, " 

AB : AC+BC : : AC— BC . AP— BP. 
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As the longest side 39 a 

To the sum of the two others 62 

So is the difference of the latter 8 

To the difference of the secTnents 12. T2 



The greater of this two segments is AP, because it is next 
the side AC, which is greater than BC. (Art. 146.) 
'I'o and from half the sum of the segments 19.fi 

Adding and subtracting half their difference, (Art. 163.) 6.33 
We have the greater segment AP 25.86 

And the less BP 18.14 

Then, in each of the right angled triangles APC and BPO, 
we have given the hypothemise and base ; and by Art. 13S. 

AC : R : : AP : cos A=42° 21' 5T'' 
BC ; R : : BP ,: cos B=60= 52' 42" 

Attd subtracting the sum of the angles A and B from 
180°, we have the remaining angle ACB=78° 45' 21". 

Es. 2. If the three sides of a triangle are 78, 96, and 
104 ; what are the angles ? 

Ans. 45° 41' 48", 61° 43' 27'', and 72= 34' 45". 

Examples for Practice. 

1. Given the angle A 54" 30', the angle B 63° 10', and the 
side a 164 rods; to find the angle C, and the sides 6 

i. Given the angle A 45" 6', the opposite side a 93, and the 
side S 108 ; to find the angles B and C, and the side c. 

3. Given the angle A 67° 24', the opposite side a 62, and 

the side & 46 ; to find the angles B and C, and the side e. 

4. Given the angle A 137" 42', the opposite side a 381, and 

the side 5 184 ; to fiud the angles B and C, ami the 
ndec. 
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. Given the side 6 58, the side c 6V, and the included angle 

A=36° ; to find the angles B and 0, and the side a. 
. Given the tk-ee sides, 631, 268, and 546; to find the 




155. The three theorems demonstrated in this section, 
have been here apphed to oblique ^ 

angled triangles only. But they 
are equally applicable to right 
angled triangles. 

Thus, in the triangle ABC, ac- 
cording to Theorem I, (Art, 143.) 

Sin B : AC : : sin A : BC 

This is the same proportion as one stated in Art 134, ex- 
cept that, in the first term here, the sine ofBis substituted 
for radius. But, as B is a right angle, its sine is equal to 
radius. (Art. 95.) 

Again, in the triangle ABO, 
by the same theorem. ; 



: BC: 



: AB 




This is also one of tJie pro- 
portions in rectangular trigo- 
nometry, when the hypothe- 
nuse is made radius. 

The other two theorems might be applied to the solution of 
right angled triangles. But, when one of the angles is lenovm 
to he a right angle, the methods explained in the preceding 
section, are much more simple in practice. 
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SECTION y. 



CONSTRUCTION OP TRIANGLES, BY 



Art, 166, To facilitate the constniction of geometrical 
figures, a number of graduated lines are p\it upon the cora- 
mon two feet scale ; one side of which is called the Plane 
Scale, and the other side, (inter's Scale. The most im- 
portant of these are the scales of equal parts, and the line 
of chords. In form-ing a given triangle, or any other right 
lined figure, the parts which must be made to agree with the 
conditions proposed, are the lines and the angles. For the 
former, a scale of equal parts is used ; for the latter, a line 
of chords. 

15 V. The line on the upper side of the plane scale, ia 
divided into inches and tenths of an inch. BeneatK this, on 
the left hand, are two diagonal scales of equal parts,* divided 
into inches and half inches, by perpendicular lines. On the 
larger scale, one of the inches ia divided into tenths, by lines 
which pass obliquely across, so as to intersect the parallel 
lines wJiich run from right to left. The use of the oblique 
lines is to measure hundredths of an inch, by inclining more 
and more to the right, as they cross each of the parallels. 

To take off, for instance, an extent of 3 inches, 4 tenths, 
and 6 hundredths ; 

Place one foot of the dividers at the intersection of the 
perpendicular line marked 3 with the parallel line marked 6, 



IS ths Uomec is sup. 
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and the other foot at the intersection of the latter with the 
oblique line marked i. 

The other diagonal scale is of the same nature. The 
divisions are smaller, and are numbered from left to right. 

158. In geometrical constructions, what is often required, 
is to makes figure, not equal to a given one, but only sim- 
ilar. Now figures are similar which have equal angles, and 
the sides about the equal angles proportional. (Euo, Def. 
1. 6,*) Thus a land surveyor, in plotting a field, makes the 
several lines in hia plan to have the same proportion to each 
other, as the sides of the field. For this purpose a scale of 
equal parts may be used, of any dimensions whatever. If 
the sides of the field are' 3, S, 1, and 10 rods, and the lines 
in the plan are 2, 5, 7, and 10 inches, and if the angles are 
the same in each, the figures are similar. One is a copy of 
the other, upon a smaller scale. 

8o any two right lined figures are similar, if the angles are 
the saijie in both, and if the number of smaller parts in each 
side of one, is equal to the number of larger parts in the cor- 
responding aides of the other. The several divisions on the 
scale of equal parts may, therefore, be considered as repre- 
senting any measures of length, as feet, rods, miles, &e. All 
that is necessary is, that the scale be aot changed, in the 
construction of the same figure; and that the several divi- 
sions and subdivisions be properly proportioned to each 
other. If the larger diviMona, on the diagonal scale, are 
units, the smaller ones are, tenths and hundredths. If the 
larger are tens, the smaller are units and tenths. 

189. In laying down an anffle, of a given number of de- 
grees, it is necessary to measure it. Now the proper meas- 
ure of an angle is an are of a circle. (Art. li ) And the 
measure of an arc, where the radius is given, is its chord. 
For the chord is the distance, in a straight line, from one 

• Thomion'B Legendre, Def, 3, 4. 
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end of the arc to the other. 
Thus the chord AIJ, is a 
measure of the arc ADB, 
and of the angle ACB. 

To form the line of chords, 
a circle is described, and the 
length of its chords deter- 
mined for every degree of the quadrant. These measures 
are put on the plane scale, on the hne marked CHO. 

160 The chord of 00° is equal to radius (Art 95 ) In 
layins; down or measuiing an angle, therefore, an arc must 
be drawn, with a radma which is equal to the extent from 
to 60 on the hne of chotds There are gPnerally on the 
scale, two lines of chords Either of thi"!e may he used ; 
but the angle must be measured by the same hne from 
which the ladms is taken 

161 To tnaie an, angle, then, of a given numbei of de- 
grees , from one end of a strajght line as a centre, and with 
a radius equal to the chord of 60° on the line of chords, de- 
scribe an arc of a circle cutting a straight line. From the 
point of intersection, extend the chord of the given number 
of degrees, applying the other extremity to the arc ; and 
through the place of meeting, draw the other line from the 
angular point. 

If the given angle is ohtuse, take from the scale the chord 
of half the numher of degrees, and apply it twice to the arc. 
Or make use of the chords of any two arcs whose sum is 
equal to the given number of degrees. 

A right angle may he constructed, by drawing a perpen- 
dicular without using the line of chords. 

Ex. 1. To make anangle of 32 degrees. With the point 
C, in the line CH, for a centre, and with the chord of 60" 
for radius, describe the arc ADF. EKtend the chord of 32° 
from A to B ; and through B, draw the line BC. Then ia 
-ACB an angle of 32 degrees. 
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2. To make an angle of 140 degrees. On the line OH, 
■with the chord of 60°, describe the arc ADF ; and extend 



the chord of 70" from A to D, and from D to B. The are 
AD B='rO°x 2=140°. 

On the other band : 

162. To measure an angle; On the angular point as a 
centre, and with the chord of 60° for radius, describe an arc 
to cut the two lines which iaclude the angle. The distajice 
between the points of intersection, applied to tlie line of 
chords, will give the measure of the angle in degrees. If the 
angle be obtuse, divide the arc into two parts, 

Ei. 1. To measure the angle ACB. (Fig. 33, page 101.) 
Describe the arc ADF, cutting tlie lines CH and CB. The 
distance AB, will extend S2° on the Jine of chori^. 

2, To measure the angle ACB. (Fig. 34.) Divide the 
arc ABB into two parts, either equal or unequal, and meaa- 
ure each part, by applying its chord to the scale. The sum 
of the two will be 140°. 

163. Besides the lines of chords, and of equal parts, on 
the plane scale ; there are also hnea of natural sines, tangents, 
and secants, marked Sin., Tan., and See. ; of semiiangents, 
marked 8. T. ; of longitude, marked Lon. or M. L. ; of 
rhumbs, marked Rhu. or Hum., &c. These are not neces. 
saiy in trigonometrical construction. Some of them are used 
in Navigation ; and some of them in the projections of the 
Sphere. 
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164. In Navigation, the quadrant, instead of being grad- 
uated in the usual manner, ia divided into eight portions," 
called Shumbs. The Shumh line, on the scale, is a line of 
chords, divided into rhumbs and quarter- rhumbs, instead of 
degrees. 

165. The line of Longiiude is iiiteuded to show the num- 
ber of geographical miles in a degree of longitude, at differ- 
ent distances from the equator. It is placed over the line 
of chords, with the numbers in an inverted order : so that 
the figure above shows the length of a degree of longitude, 
in any latitude denoted by the figure below.* Thus, at the 
equator, where the latitude is 0, a degree of longitude is 66 
geographical miles. In latitude 40, it is 46 miles ; in lati- 
tude 60, 30 miles, &C. 

166. The graduation on the line of ^eamts begins where 
the line of sines ends. For the gi-eater sine is only equal to 
radius ; but the secant of the least arc is greater than 
radius, 

167. The setnilartgents are the tangents of half ike given 
arcs. Thus, the semitangeut of 20° is the tangent of 10°. 
The line of semitangents is used in one of the p 
the sphere. 



1G8. In the construction of triangles, the sides and angles 
which ai'O given, are laid down according to the directions ia 
Arts. 168, 161. The parts required are then measured, ac- 
coi-ding to Arts. 158, 162. The foJlowing problems corres- 
pond with the four cases of oblique angled triangles ; {Art. 
148.) but are equally adapted to right angled triangles. 

169. PiiOB. I. Tlie angles and one side of a triangle being 
given ; to find, by construction, the other two sides. 

Draw the given side. From the ends of it, lay off two 

" SomeHmes tlis line of longitude ia placed under the line of cholttfc 
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of the ^ven angles. Extend the other sides till tliey inter- 
sect ; and then measure their lengths on a scale of equal 



Ex. 1. Given the side h 32 rods, 
the angle A 56° 20', and the angle 
C 49° 10'' ; to eonstrnct the trian- 
gle, and find the lengths of the aides 
a and c. 

Their lengths will be 25 and 

2. In a right angled triangle, 
given the hypothenuse 90, and the 
angle A Sa" 20', to find the base 
and perpendicular. 

The length of AB will be 16, and 
d" EC 48. _^^__^_ 

3. GfiventhesideAG 68, theau- '^ ' " 
gle A 124°, and the angle C 31" : 

to construct the triangle, 

170. Pbob. II. Two sides and an opposite angle being 
given, to find the remaining side, and the other two angles. 

Draw one of the given sides ; from one end of it, lay off 
the given angle ; and extend a line indefinitely for the re- 
quired side. From the other end of the first side, with the 
remaining given side for radius, describe an arc cutting the 
indefinite line. The point of intersection will be the end 
of the reqiiired side. 

If the side opposite the ^ven angle be less than the otliei 
given side, the case will be avitdg- 
uous. (Art. 152.) 

Ex, 1. Given the angle A 63" 
35', the side h 32, and the side a36. 

The side AB will be 36 nearly, 
the angle B 52° 45i', and C 63° 
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2. Given the angle A 
35° 20', the opposite side 
a 25, and the side b 35. 

Di-aw the' side b 36, 
make the angie A 35" 20', 
and extend AH jodefinite- 
ly. From with radiiis 

25, describe an are eutting AH in B and B'. Draw GB and 
CB', and. two triangles will be formed, ABC and AB'C, each 
corresponding with the conditions of the problem, 

8. Given the angle A 116°, ths opposite side a 88, Mid 
the side & 26 ; to construct the triangle; 

171. Prob; ni. Two sides and th& ineluded waglehting 
^ven ; to find the other aide and angles. 

Draw one of the given sides. From one end of it lay off 
the given angle, and draw the other given side. Then con- 
nect iJie extremities of tliis and the first. line. 

Ex. 1. Given the angle A 



26° 14', ti 


le side 


5 78, 


and 


the side cl06; to 


findE 


!. C, 


and a. 








The side 


o will 


be 50, 


the 



angle B 43° 44', and C 80 

110° 2'. 

2. Given A 86°, 6 65, and c 83 ; to find B, 0, and a. 

172. Pbob. IV. The three sides being given ; to find the 
angles. 

Draw one of the sides, and from one end of it, with an 
extent equal to the second side, describe an arc. From the 
other end, with an extent equal to the third side, describe a 
second arc cutting the lirst ; and from the point of intersec- 
tion draw the two sides. (Euc. 22. 1,) 
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Ex.l. Given AB '78, AC 70, 
and BC 54, to find the angles. 

The angles will he A 42= 22', 
E 60" 52|' and 76= 45^. 

2, Given the three sides fi8, 
89, and 46 ; to find the angles. 

173. Any right lined figure 
whatever, whose sides and angles are given, may be coa- 
striicted, by laying down the sidea from a scale of equal 
parts, and the angles from a line of chords. 

Ex. Given the sides AB= 
20, BC=22, CD=30, DE= 
12 ; and the angles B^IOS", 
C=130°, 0=108°, to con- 




struct the figure. 

Draw the side AE=30, 
make the angleB^102°, draw 
BC=22, make C=130S draw CD=-30, make D=108°, 
draw DE=12, and connect E and A. 

The last line, EA, may be measured on the scale of equal 
parts ; and the angles E and A, by a line of chords. 
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,Iet. 174 An pxp ditioua meLliodof eohmg tlip | loblema 
ki -figonometrj and mating other lo^irithmic calculations 
iij w mechamr-al way his been contmedby Mr Edm ind 
(Jruater. The loganti ms of numbers of sines tangents, 
&e., are repie=ented hv h ic By meina of these multiph 
Cfttion, divibion the rule of three imoluhon evolution &c , 
may be penormed much moie lapidly than in the usual 
method byfigu.es. 

The logarithflttic hnes aie generally placed on cne side 
only of the scale in ccromon use. They ai-e, 
A line of artificial Sines divided into Mhumfis, and 

marlted, S. R. 

A line of artificial Tantfenta, do T. R. 

A line of the logarithms of ^umhers, Kum, 

A line of artificial Sines, to tvery deyree, SIN. 

A line of artificial T.mgmts, do TAH", 

A line of Versed Sims. V- S. 

To these are added a line of equal parts, and a line of 
Meridional Paris, which are not logarithmi?. The latter is 
used in Navigation. 

The Idne of IfTumbe^s. 

175. Portions of the line of Numbers, are intended to 
represent the logarithms of the natural series of numbers 
2, 8, 4, 5, Ac. 

The logarithms of 10, 100, 1000, fee, are 1, 2, 3, &c. 
(Art. 3.) 
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If, then, tlie log. of 10 be represented by a lino of 1 foot; 
the log. of 100 will be repres'd by one of 3 feet ; 
the log. of 1000 by one of 3 feet ; 

the lengths of the several lines being prc^orlional to the cor- 
responding logarithms in the tables. Portions of a foot will 
represent the logarithms of numbers between 1 and 10 ; iind 
portions of a line 2 feet long, the logarithms of numbers be- 
tween 1 and 100. 

On Gtmter's sciile, the line of the logaritbma of numbers 
b^ns at a brass pin on the left, and the divisiona are num- 
bered I, 2, 3, &c., to another pin near the middle. From 
this the numbers are repeated, 2, 3, 4, &c., which may he 
read 20, 30, 40, Ac. The logarithms of numbers between 
1 and 10, are represented by portions of the Erst half of the 
line ; and the logarithms of numbers between 10 and 100, 
hy portions gi^ater than half the line, and leas tlian the 
whole, 

1T6. The logarithm of 1, which is 0, is denoted, not by 
any extent of line, but by a pomt under 1, at the commence- 
ment of the scale. The distances from this point to differ- 
ent parts of the line, represent other Jogarithms, of which 
the figures placed over tl e se eral d s on a e ti e ti^t ral 
numbers. For the intenen ng loganthms the nter lis I 
tween the figures, are d id*^ nto tenti s a d s m t mes 
into smaller portions. On tl e rgl t 1 i 1 alf of fl e bCiXn 
aathe divisions which arenunbered are fe iS thes bdi so s 

Es. 1. To take from the scale the Jogarithm of 3.6; set 
one foot of the dividers under 1 at the beginning of the 
scale, and extend the other to the 6th division after tlie first 
figure 3. 

2. For the logarithm of 47 ; extend from 1 at the be- 
ginning, to the Yth subdivision after the second figure 4*, 

» If the ilividera will not reach the liiatance required ; first open them bo 
Rs to take offMf/i or aa^ part of the distance, and then the Temaining pari. 
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177 It will be obsened that the dmsioni ijid sub- 
diviMons dectease tiom lelt to ngbt is m the tables of foya- 
TitJims ibe diftorences d*- rease The diiFeience betneenthe 
logdnthiK'? of 10 and 100 i« no gr iter thin the difference 
between the loganthros of 1 Jnd 10 

178 The line of numbeia ia it hds been heie explained, 
furnishes the logarithms of all numbers between 1 ind 100. 

And if the indices of the logantlims be neglected, the 
same scale may answer for ill numbers wliatevej For the 
decimal pirt of the lo^rtthm of any number is the same, 
as that of thi, number multiplied or divided by 10 100, 
&o (Art 1-1 ) In logarithmic calculations the use of the 
indices is to determine the distance of the stvciil figures 
of the nitural namberis from the plai-e of units (Art. II.) 
But in those cases lu which the logaiithmii, line is com- 
mon!v used it will not generally be difhcult to det<,rmme the 
local lalue of the figures m the result 

179 We may therefore wmsidei the^ i^ unJet 1 at the 
left hand, as representing the logarithm of 1, or 10, or 100 ; 
or -iV> or -riir, &c., for the decimal part of the logarithm of 
each of these is 0. But if the first 1 is reckoned 10, all the 
succeeding numbers must also be increased in a tenfold 
ratio ; so as to read, on the first half of the line, 20, 30, 40, 
&c., and on the other half, 300, 300, &c. 

The whole extent of the logarithmic line, 
is from 1 to 100, or from 0.1 to 10, 

or from 10 to 1000, or from 0.01 to 1, 

or from, 100 to lOOOO, &a. or from 0.001 to 0.1, &c. 

Different values may, on different occasions, be assigned 
to the several numbers and subdivisions marked on this Jine. 
But for anj- one calculation, the value must remam the 

Ex. Take from the scale 3S5. 

As this number is between JO and 1000, let the 1 at the 
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beginning of the scale, be reckoned 10. Then, from this 
point to the second 3 is 300 ; to the 8th dividing stroke is 
60 ; and half way from this to the next stroke is 5. 

180. Multiplication, diTision, &c., are performed by the 
line of numbers, on the same principle, as by common loga- 
rithms. Thus, 

To multiply by this hne, add the logarithms of the two 
factors; (Art. 37.) that is, take off, -with the dividers, that 
length of line which represents the logarithm of one of the 
factors, and apply this so as to extend forward from the end 
of that which represents the logarithm of the other factor. 
The sum of the two will reach to the end of the line rep- 
resenting the logarithm of the product. 

Ex. Multiply 9 into 8. The extent from 1 to 8, added to 
that from 1 to 9, will be equal to the extent from Ito 12, the 
product. 

181. To divide by the logarithmic line, subtract the loga- 
rithm of the divisor from that of the dividend ; (Art. 41.) 
that is, take off the Ic^arithm of the divisor, and this extent 
set back from the end of the logarithm of the dividend, will 
reach to the logarithm of the quotient. 

Ex. Divide 42 hy 1. The extent from 1 to 7, set back 
from 42, will reach to 6, the quotient. 

182. Involution is performed in logarithms, by multiply- 
ing the logarithm of the quantity into the index of the 
power; (Art. 45.) that is, by repeating the logarithms as 
many times as there are units in the index. To involve a 
quantity on the scale, then, take in the dividers the linear 
logarithm, and douhle il, trehhil, tfec, according to the index 
of the proposed power, 

Ex. 1. Required the square of 9. Extend the dividers 
from 1 to 9. Twice this extent will reach to 81, the square, 

2. Enquired the cube of 4. The extent from 1 to 4 re- 
peated three times, will reach to 64 the cube of 4. 

183. On the other hand, to perform ewoZiKtoB on the scale; 
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take lialf, one-third, i&c., of tte logarithm of the quantity, ao- 
eording to the index of the proposed root. 

Ex. 1. Required the square root of 49. flii^/tlie estent 
from 1 to 49, will reach from 1 to 7, the root, 

2. Required the cube root of 27. One third the distance 
from 1 to 27, will extend froni 1 to 3, the root. 

184. The Rule of Three may he performed on the scale, 
in the same manner as in. logarithms, by adding the two 
middle terms, and from, tte sum, subtracting the first term 
(Art. 62.) But it is more convenient in, practice to heffin by 
subtracting tbe first terra from one of the others. If four 
quantities ai'e proportional, the quotient of the first divided 
by the second, is equal to the quotient of the third divided 
by the fourth. (A]g. 815.) 

Thus, iia:h::c:d. then^i, and^-. {Alg. 344.) 
Id e d ^ ^ ' 

But in logarithms, subtraction takes the place of division; 

log, a— log, i=]og. c — log. d. Or, log. a — log. c=log. 6 — 
log. d. 
Hence, 

185. On the scale, the difference hetvieen the first and 
second terras of a proportitm, is equal to the difference between 
the third and fourth. Or, the difference between the first 
and third terms, is equal to the difference between the 
second and fourth. 

The difference between the two terms is taken, by ex- 
tending the dividers from one to the other. If the 
second term be greater than the first ; the fourth must be 
greater than the third; if less, less.* Therefore, if the 
dividers extend forward from left to right, that is, from a 
less number to a greater, from the first term to the second ; 

' Euclid, 14, 5. 
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they must also extend forward from the third to the fourth. 
But if they extend backward, from the first term to the 
second ; they must extend the same way, from the third to 
the fourth. 

Ex. 1. In the proportion 3 : 8 : : 12 ; 32, the extent 
from 8 to 8, will reach from 12 to 32 ; Or, the extent from 
8 to 12, will reach from 8 to 32. 

2. If 54 yards of cloth coat 48 dollars, what will 18 yds, 
cost? 

64 : 48 : : 18 : 16 
The extent from 64 to 48, will reach hachwards from 18 
to 16. 

3. If 63 gallons of wine cost 81 dollars, what will 35 gal- 
lons cost ? 

63 : 81 : : 35 : 45 
The extent from 63 to 81, will reach from 35 to 45- 

The Line of Sines. 

186. The line on Gunter'a scale marked SIN. is a line of 
logarithmic sines, made to correspond with the line of num- 
bers. The whole extent of the line of numbers, (Art, 179.) 

is from 1 to 100, whose logs, are 0.00000 and 3.00000, 
or from' 10 to WOO, whose logs, are 1.00000 and 3.00000, 
orfrom 100 to 10000, whose logs, are'2.00000 4.00000, 

the difference of the indices of the two extreme logarithms 
bdng in each case 2. 

Now the logarithmic sine of 0° 34' 22" 41"' is 8.00000 
And the sine of 90° (Art. 95.) is 10 OOOOO 

Here also the difference of the indices is 2. If then the 
point directly beneath one extremity of the line of numbers, 
be marked for the sine of 0° 84' 22" 41'" ; and the point 
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beneatt the otter extremity, for the sine of 90° ; the interval 
may furnish the intermediate sine ; the divisions on it being 
made to correspond with the decimal part of the logarithmic 
sines in tlie tables.* 

The first dividing strote in the hne of Sines is generally 
at 0° 40', a little farther to the right than the beginning of 
the line of numbers. The next division is at 0° 60' ; then 
begins the aumbericg of the degrees, 1, 2, 3, i, &q.., from 
left to right. 

The Line of Tanffenis. 

187. The first 45 degrees on this line are numbered from 
left to rigit, nearly in the same manner as on the line of 
Sines. 

The logarithmic tangent of 0° 34' 22" 35'" is 8.00000 
And the tangent of 45", {Art. 95.) is 10.00000 

The difference of the indices being 2, 45 degrees will 
reach to the end of the line. For those above 45° the scale 
ought to be continued much farther to the right. But as 
this would be inconvenient, the numbering of the degrees, 
after reaching 45, is carried hack from right to left. The 
same dividing stroke answers for an arc and its cwnplement, 
one above and the other belovr 45°. For, (Art. 93. Pro- 
per. 9.) 

tan : R : : R : oot. 
In logarithms, therefore, (Art. 184.) 
tan — Ei=R — cot. 

That is, the difference between the tangent and radius, is 
equal to the difference between radius and the cotangent : in 

* To represent the sines !ess than 34' 33" 41'", the scnle must he ex- 
lended on the left indefinitely. For, as the sine of an are approaches 
to 0, its logarithm, which is negative, increases witiiout limit. (Art. 15.) 
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Otter words, one is as mucb greater thaa the tangent of 46', 
as the other is lesa In taking then, the tsmgent of an arc 
greater than 45°, we are to suppose tlie distance between 
45 and the division milked with a given number of degrees, 
to he added to the whole hne 1 1 the same manner as if the 
hne were continued out In working proportions, extending 
the dividers back fiora a leas number to a greater, must 
be considered the =irae as carrying ^era. forward in other 
cases. See Art. 185 

Triffonometncal ProjorUons on the Scale. 

188. In working piopoitions in trigonometry by the scale; 
the extent from the fli st term to the middle term of the same 
name, will reach from the other middle term to the fourth 
term. (Art. 185.) 

In a trigonometrical proportion, two of the terms are the 
lengths of sides of the given triangle ; and the other two are 
tabular sines, tangents, &c. The former are to be taken from 
the line of numbers ; the latter, from the lines of logaritli- 
inio sines and tangents. If one of the terms is a secant, the 
calculation cannot be made on the scale, which has com- 
monly no line of secants. It must be kept in. mind that 
radius is equal to the sine of 90°, or to the tangent of 45°. 
(Art. 95.) Therefore, whenever radius is a term in the pro- 
portion, one foot of the'dividers must be set on the end of 
the line of sines or of tangents. 

189. The following examples are taken from the propor- 
tions which, have already been solved by numerical calcula- 

Ex. 1. In Case I, of right angled triangles, (Art. 134. 
e.. 1.) 

E : 45 : : sin 32° 20' ; 24 

Here the third term is a sine ; the first t«rm radius is, 
therefore, to be considered as the sine of 90°. Then tho 
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extent from 90° lo 32° 20' on the line of sines, will reach 
from 45 to 24 on the line of numbers. As the dividers 
are set hack from 30° to 32° 20' ; they must also be set back 
from 45. (Art. 185.) 

2. In the scune case, if the base be made radius, (page 60.) 

R : 38 : : tan 32" 20' : 24 
Here, as the third term is a tangent, the first term radius 
is to be considered the tangent of 45°. Then the extent 
from 45° to 32° 20' on the line of tangents, will reach from 
38 to 24 on the Jine of numbers. 

3. If the perpendicular be made radius, (page 62.) 

R : 24 : : tan 57° 40' ; 38 

The extent from 45° to 57° 40' on the line of tangents, 
■will reach from 24 to 38 on the line of numbers. For the 
tangent of 57° 40' on the scale, look for its complement 32° 
20'. (Art. 187.) In this example, although the dividers 
extend baci: from 46° to 57° 40' ; yet, as this is from a less 
number to a greater, they must extend, forward on the hue 
of numbers. (Arts. 185, 187.) 



4. In Art. 135, 




35 : R; 


: 26 : sitt 48° 


extent from 35 to 2 


6 will reach from 90" to 48°. 


5. In Art, 136, 




B: 48: 


: tan 27i° : 24^ 


extent from 45° to ' 


27^°, will reach from 48 to 24^. 



6. In Art. 150, ex. 1. 

Sin 74° 30' ; 32 : : sin 56° 20' : 27*. 
For other examples, see the several cases in Sections III. 
and IV. 

190. Though the solutions in trigonometry may be ef- 
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fected Toy the logarithmic scale, or by geometrical construc- 
tion, as well as by arithmetical computation ; yet the latter 
method is by far the moat accurate. The first is valuable 
principally for the expedition with which the calculations are 
made by it. Tiie second is of use, in presenting the /oj'to 
of the triangle to the eye. But the accuracy which attends 
arithmetical operations, is not to be expected, in taking liues 
from a scale with a pair of dividers.* 



SECTION vir. 



' TRIQONOMBTEICAL ANALYSIS. 

Art. 191, In the preceding sections, sines, tangents, and 
secants have been employed in calculating the sides and an- 
gles of triang'lei But the use of these lines is not confined 
to this object Important assistance is derived from them, 
m conductmg many ot the investigations in the higher 
branches of analjsis particulaily in physical astronomy. It 
does not belong to an elementary treatise of trigonometry, 
to piosecute thpse inquiries to any considerable extent. But 
thi6 IS the propel place tor pi eparing tkeformulw, the appli- 
cations of which are to he made elsewhere. 



Positive and I^egative signs in Trigimiymetry, 

192, Before entering on a particular consideration of the 
algebraic expressions which are produced by combinations 
of the several trigonometrical lines, it will be necessary to 
attend to the positive and negative siipis in the different 
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quarters of the circle. The sines, tangents, &c., in the 
tables, are calculated for a single quadi-ant only. But these 
are made to answer for the whole circle. For they are of the 
same length in each of the four quadrants. (Art. 90.) Some 
of them however, are positive; while others are negative. 
In algebraic processes, this distinction must not be neg- 
lected. 

193. For the purpose of tracing the changes of the signs, 
in different parts of the circle, let it be supposed that a 
straight line CT is 
fixed at one end C, 
while the other end 
is carried round, like 
a rod moving on a 
pivot ; BO that the 
point 8 shall describe 
the circle ABDH. If 
the two diameters 
AC and BH, be per- 
pendicular to each 
other, they will di- 
vide the circle into 
quadrants. 

104. In the first quadrant AB, the sine, cosine, tangent, 
&c,, are considered all positive. In the second quadrant BD, 
the sine P'S' continues positive ; because it is still on the 
upper side of the diameter AD, from which it is measured. 
But the conne, which is measured from BH, becomes nega- 
tive, as soon as it changes from the right to the left of this 
hne. {Alg. 382.) In the tinrd quadrant the si-m becomes 
negative, by changing from the upper side to the under side 
of DA. The cosim continues negative, being still on the 
left of BH. In the fourth quadrant, the sine continues neg- 
ative. But the cosim beoomes positive, by passing to the 
right of BH. 
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195. The signs of tlie tangents and secants may be de- 
rived from those of the sines and cosines. The relations of 
these several lines to each other must be swell, that a uniform 
method of calculation may extend through the different 
quadrants. 

In the first quadrant, (Art. 03. Propor. 1.) 

E : cos : : tan : sin, that is, Tan=-^^^'".. 

The sign of the quotient is determined from the signs of 
the divisor and dividend. (Alg. 100.) The radius is con- 
sidered as always positive. If then the sine and cosine be 
both positive or both negative, the tangent wiU be positive. 
But if one of these be positive, while the other 
the tangent will be negative. 

How by the preceding article, 
In the 2d quadrant, the sine is positive, and the c 
negative. 

The tangent must tl 



In the 3d quadrant, the sine and cosine are both negative. 
The tangent must therefore be positive. 

In the 4th quadrant, the sine is negative, and the cosine 
posidve. 

The tangent must therefore be negative. 
1S6. By the 9th, 3d, and 6th proportions in Art. 93. 

1. Tan ; K : ; R : cot, that is Cot^ — - 

Therefore, as radius is uniformly positive, the cotangent 
must have the same sign as the tangent. 

2, Ooa ; R : : R : sec, that is, 8ec= — ■ 
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The secant, therefore, must have the same sign as the 



The cosecant, therefine, must have t 

The versed sine, as it is measured fro. 
only, is jnvariahly positive. 
197. The tangent 



AT 



IS the 



■0 extends from A 
towards B. (See also 
Figll.p.69.) Near 
B the increase is very 
rapid; and when the 







the I 

less than any assign- 
able quantity, the 
tangent is great&r 
than any assignable 
quantity , and is said 

to be infinite. (Alg. 447.) If the arc ia exactly 90 degrees, 
it has, strictly speaking, no tangent. For a tangent is a line 
drawn perpendicular to the diameter which passes through 
one end of the arc, and extended till it meets a line proceed- 
ing from the centre through the other end. (Art. 84.) But 
if the arc ia 90 degrees, as AB, the angle ACB is a right 
angle, and therefore AT is parallel to CB; so that, if these 
lines be extended ever so far, they never can meet. StiO, as 
an arc infinitely near to 90° has a tangent infinitely great, it 
is frequently said, in concise terjus, that the tangent of 90" 
is infinite. 

In the second quadrant, the tangent is, at first, infinitely 
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great, and gradmlly 
diimni&hes, till at D 
it IS iLduced to no 
thing In the third 
quidt ant, it inci cases 
again, becomes infi- 
nite near H, and is 
leduced to nothing 
at A. 

The cotangent is in- 
versely as the tan- 
gent. It is there- 
fore nothing at B 
and H, and infinite 
near A and D. 

196. The secant increases with the tangent, through the 
first quadrant, and becomes infinite near B ; it then dimin- 
ishes, in the second quadrant, till at D it is equal to the 
radius CD. In the third quadrant it increases again, becomes 
infinite near H, after which it diminishes, till it becomes 
equal to radius. 

The cosecant decreases, as the secant increases, and v. v. 
It is therefore equal to radius at B and H, and infinite near 
A and D. 

109. The sine increases through the first quadrant, till at 
B it is equal to radius. (See also Fig. 13. page ?0.) It then 
diminishes, and is reduced to nothing at D. In the third 
quadrant, it increases again, becomes equal to radius at H, 
and is reduced to nothing at A. 

The cosine decreases through the first quadrant, and is re- 
duced to nothing at B. In the second qnadrant, it increases, 
till it becomes equal to radius at D. It then diminishes 
again, is reduced to nothing at H, and afterwards increases 
till it becomes equal to radius at A. 
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In all these cases, the are is supposed to beffin at A, wwl 
to extend round in the direction of BDH. 

200. Tiie sine and cosine vary from, nothing to radios, 
which they never exceed. The secant and cosecant are never 
less than radius, but may be greater than any given length. 

The tangent and cotangent have every value from nothing 
to infinity. Each of these lines, after reaching its greatest 
limit, begins to decrease ; and as soon as it arrives at its least 
limit, begins to increase. Thus, the sine begins to decrease, 
after becoming equal to radius, which is its greatest limit- 
But the secant begins to increase after becoming equal to 
radius, which is its least limit. 

201, The substance of several of the preceding articles is 
comprised in the following tables. The first shows the signn 
of the trigonometrical lines, in each of the quadrants of the 
circle. The other gives the values of th«se lines, at the ex- 
tremity of each quadrant. 

Quadrant 1st 2d 3d 4tli 

Sine and cosecant -j. -|- „ — 

Cosine and secant -(- — — + 

l^gent and cotangent + — + — 

0° 90° 180° 2^0° 360' 



Slae 







r 


i 


Cosine 




r 





r 1 


Tangent 







K 





Cotangent 




K 





K ( 


Secant 




F 


cc 


f 


Cosecant 




CC 


r 


« 


Here r is put 


for radius. 


and t 


X for infinite. 



202- By comparing these two tables, it wiU be seen, that 
each of the trigonometrical lines changes from positive to 
negative, or from negative to positive, in that part of the 
Brde in wlaoh the line is ei,ther wiikiag or infinite. Thus, 
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the tangent clmttges from positive to negatire, in passing 
from the first quadrant to the second, thr<ragh the place 
where it is infinite. It becomes positive again, in passing 
from the second quadrant to the third, through the point in 
which it is nothing. 

203. There can be no more than 360 degrees in any circle. 
But a body may have a number of successive revolutions in 
the same circle ; as the earth moves roimd the sun, nearly in 
the same orbit, year after year. In astronomical calculations, 
it is frequently necessary to add together parts of different 
revolutions. The sum may be more than ^60". But a body 
which has made more than a complete revolution in a circle, 
is only brought hack to a point which it had passed over 
before. So the sine, tangent, &,a^ of an ar» greater than 
360°, is the same as the sine, tangent, &c., of some arc less 
than S60°. If an entire circumference, or a number of cir- 
cumferences, be added to any arc, it will terminate in the 
aame point aa before. So tliat, if C he put for a whole cir- 
cumtferenee, or 360°, and x be any arc whatever ; 

sin a:=sin (C+3.')=»sin (2C+3;)=ain (3C-|-a;), &o. 
tan a:=tan {C+jT)=tan (2 C+.i:)=tan (aC+a;), ifec. 

204. It is evident also, that, in a number of successive 
revolutions, in the same circle ; 

The first ijnadiant must coincide with the 5th, 0th, 13th, 17th, 
The second, with the 6th, 10th, i4th, 18th, &a. 

The third, with the 7th, lllb, ISth, 19th, &c. 

The fourth, with the 8th, 12th, Ifith, 20th, &c. 

205. If an arc, e-rtending in a certain direction from a 
given prant, be considered positive ; an arc extending from 
the same point, in an opposite direction, is to be considered 
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, {Alg. 882.) 
Thus, if tlie arc ex- 
tending from A to S, 
be positive ; an arc 
extending from A to 
8'" will be negative. 
The latter will not 
terminate in the same 
quadrant as the otter 
— and the signs of 
the tabular lines 
most 1 
dated to this ci 
stance. Thus, the 

sine of AS will be positive, while that of AS'" will be nega- 
tive. (Art. 194.) When a greater arc is subtracted from a 
less, if the latter be positive, the remainder must be aega^ 
tive. (Alg. 40,) 






TBI GONO METRICAL 



Fiom the new which has been here taken of the 
n the tngonometncal Imes it will be easy to see 
m wh-xt part of the cirtle eich of them incieoses or de 
crease'' But this does n t delermme then e\act values ex 
tepf at the estremities of the several quadrinta In the 
*na!j tical investigations which aie earned on by means of 
thesie lines it is necessarj lo calculate tht chinges produced 
111 them by a givun increase oi dimsmition of the lies to 
wl eh they beion^. In this there would be no difficulty if 
the sines, tangents, <fec., were proportioned to their area. But 
this is far from being the case. If an arc is doubled, its 
Bine is not exactly doubled. Neither is its tangent or se- 
cant. We have to inquire, then, in what manner the sine. 
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tangent, Ac, of one arc may be obtained, from those of other 
arcs already known. 

The problem on which almost the whole of this branch 
of analysis depends, consists in deriving, from the sines and 
cosinoaof two given arcs, expressions for the sine and cosine 
of their sum aad difference. For, by addition and subtrac- 
tion, a' few arcs may be so combined and varied, as to pro- 
duce others of almost every dimension. And the expres- 
sions for the tangents and secants may be deduced from those 
of the sines and cosines. 



Expressions for tlw sine o 



207, Let a=AH, 
the greater of the 
given arcs, 

And 6=HL=HD, 
the less. 

Then a-f6=AH+ 
HL=AL, the sum of 
the two arcs. 

And o— 6=AH— 
HD=AD, their differ- 





</ 




/y^ 




"\ 










X 



Draw the chord DL, and the radius CH, which may be 
represented by E. As DH is, by construction, equal to 
HL ; DQ, is equal to QL, and therefore DL is perpendicular 
to CH. (Euc. 3. 3.) Draw DO, HN, QP, and LM, each 
perpendicular to AC ; and DS and QB parallel to AC. 

From the definitions of the sine and cosine, (Arts, 82, 9.) 
it ia evident, that 
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Thee 



of AH, that is, sin a==HN, 
of HL, sin i=QL, 

of AL, sin (a+6)=LM, 
of AD, sin (a— J)=DO, 

{of AH, that is, cos a=Clf, 

of HL, cos 6=CQ, 

of AL. cos (a+6}=CM, 

of AD, cos (a_6)=C0. 

The triangle CHN is obviously similar to CQP ; and it is 
also similar to BLQ, because the sides of the one are per- 
pendicular to those of the other, each to each. We ha^e. 



1. CH : CQ : 


: HN" ; QP, that is, R : cos 6 : : sm a 


QP. 


2. CH : QL : 


: CN : BL, E : sia 6 : : cos a 


BL, 


3. CH : CQ : 


: CN : CP E, : cos B ■. : cos a. 


CP. 


4. CH : QL - 


: HN : QB, R : sin 6 : : sin a 


QB, 



Converting each of these proportions into an eijiiatioi 

1. Qp_™ ° °°' »• J. cp_0OS«_C0!^ 



Then adding the first and si 
QP+BL=^-' ? ..?-£?iJ 



Subtracting the second from the first, 
/-IT) Dt sin u cos 6 — sin h cos 



irmiila;, the sign of multiplication ig omil 
n aXcos *, that is, the product of ihe ai 
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Subtracting the fourth from the tliird, 
r.o no COS a COS 6— sin a sin 



Adding the third and fourth, 

CP+QB-"" " "" ''+"° " '" ' 

But it will be seen, from the figure, that 

QP+BL=BM+BL=LM=sin (et+J) 
QP__BL=Qi'— QS=DO=sin («— 6) 
CP— QB=CP— PM=CM=cos {a+6) 
CP+QB=CP+SD=CO=coa {a— 6) 

208. If then, for the first member of each of the four 
equations above, we substitute its value, vre shall have, 
% cos 6+sin h cos a 



I. sin (o+6= 
II. sin (a— 6)= 



III. cos {a+h)= 

IV. cos (a— 6)= 



Or multiplying both sides by R, 

It sin {a — i)=sin a. cos 6— sin i cos a 
R cos (a+6)=cos a cos 6— sin a sin b 
E cos (a— 6)=cos a cos 6+sin a sin 6 

That is, the product of radius and the sine of the sum, of 
two arcs, b equal to the product of the sine of the first arc 
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Ento the cosine of t!ie second + the product of the sine of 
the second into the cosine of the first. 

The product of radius and the sine of the difference of 
two area, is equal to tlie product of the sine of the first arc 
into the cosine of the second — the product of the sine of 
the second into th« cosine of the first. 

The product of radius and the cosine of the sum of twi 
area, is equal to the product of the cosines of the arcs — 
the product of their sines. 

The product of radius and the cosine of the difference of 
two arcs, is equal to tlve product of the cosines of the axes 
+ the product of their sines. 

These four equations may be considered as fundament^ 
propositions, jn what is called the Arithmetic of Sines and 
Cosines, or Triffonemetrical Analysis. 



Expression for the a^ea of a triangle, in terms of the s 

20!*. Let the sides of the triangle 
ABC be expressed by a, 6, and c, th« 
perpendicular CD by p, the seg- 
nient AD by d, and the area by S. 

Then a'=6'-|-c'— Sci?, {Euc 13. 2.) 

Transpoang and dividing by 2e ; 



c;'=(^ 



(Alg. 111.) 



y Euc. 47, 1, p'=6=— rf'== 



Reducing the fraction, {Alg. 120.) and extracting the root 
^f both sides. 
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V46V— (y+c'— o')' 
P— 1c * 

This gives the length of the ^er'peai.iada.r in tenns of the 
sides of the triangle. But the area is equal to the product 
of the base into half the perpendicular height. (A.lg. 393.) 
That is. 



Here we have an expression for the area, in terras of the 
sides. But this may be reduced to u foi-m much better 
adapted to arithmetical coinputa,tion. It will be seen, thst 
the quantities 46'c', and (S'+c' — t')* are both sguares ; and 
that the whole expression under the radical sign is the differ- 
ence of these squares. But the difference of two squares is 
equal to the product of the sum and difference of their roots. 
(Aig. 191.} Therefore, 46'c'— (S'+c'— a')" may bo resolved 
into the two factors, 

t 26c+(&'+c'— a') whkh is equal to {h-\-cf--a^ 
\ 2S.C— {6*+c° — a') which is equal to n' — (&— e)' 

Each of these al'io, as will be seen in the expressions on 
the right, is the difference of two squares ; and may, on the 
same principle, be resolved into factoi-s, so that, 

* The expresaffli for the perpendicular ia She same, when one of ths 
angles is obtuse, as in Fig. 24. page 86. Lei A.ly=d. 

Theiia»=i*-l-cH-2Kii. (Euc. 13, 3.) And -/- "-'^'~^'+^ 
Therelbre,d»=lz^Zf±^^(^±^Z^(Alg. m.\ 



Andp=3«^!ii=g!±±Zf^ as ab.™ 
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S jbstitufjng, then, these four factors, in the place of the 
quantity which has been resolved into them, we have, 

S=-iV{6+c+a)x(6+<>-«)X(«+6— c)X("— 6+c, 

Here it will he observed, (hat all the three sides, a, b, and 
c, are in eacli of these factors. 

Let S=4(a+6+e) half the mm of the sides. Then 



&^VhX{h^-<t) X (^—6) X (A— c) 
210. For finding the area of a triangle, then, when the 

three sides are given, we have this general rule ; 

From, half the sum of the sides, subtract each side severally ; 

multiply together the half sum and the three remainders ; and 

extract the sguare root of the product. 



Hosiecb, Google 



APPLICATION OF TRIGONOMETRY 



MENSURATION 



HEIGHTS AND DISTANCES. 



Art. 1. The most direct and obvious method of deter- 
mining the distance or height of any object, is to apply tP 
it some known measure of length, as a foot, a yard, or a rod. 
In this manner, the heig^ht of a room is found, by a joiner's 
rule ; or the side of a field by a surveyor's chain. But in 
many instances, the object, or a part, at least, of the line 
which is to be measured, is inaccessible. We may wish to 
determine the breadth of a river, the height of a cloud, or 
the distances of the heavenly bodies. In such cases it is ne- 
cessary to measure some other line ; from which the required 
line may be obtamed, by geometncal construction, oi more 
exactly, hy tngonometrical calculation The line fiist meas- 
ured is frequently called a base hue 

2. In measuring anghs, some mstrument is used which 
contains a portion of a giaduated cucle diiided info d^giees 
and minutes Foi the proper meaeuie of an angle is an aic 
of a circle, whose centre is the angular pomt {Tng 74 ) 
Tlie instruments used for this purpose ate made m different 
forms, and nith vanous appendages The essential parts 
are a graduated ciicle, J.nd an index with sight holes, for 
taking the directions of the lines which include the angles 

3. Angles of elevaUtm, and of depression are m a plane 
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perpendioulai to tbe horizon, wluoli is called a vertical plant. 
An angle of eJeiation is *,ontained between a parallel to 
the hoiizon, and aa ascending 






BiC An 





di.preiS>o>i is contained b^twi-en 
a parallel to tbe houzon lad a 
descending line, as DCA The 
complement of thjb la the int^le 
ACB 

4 The mstrumei^ by which angles of elevation, and of 
depression, m-e coininonl> meas- 
ured, IS called i Quadmil In 
its most simple form, it is j, 
portion of a circular board ABC, 
on which is a graduated arc of 
80 degrees, AB, a plumb line CP, 
suspended from the central point 
C, and two sight-holes D and E, 
for taking the direction of the p 

object. 

To measure an angle of elevation with this, h-old the plane 
of the instrument perpendicular to the horizon, bring the 
centre C to the angular point, and direct the edge AC in 
such a manner, that the object G may be seen through the 
two sight-holes. Then the arc BO measures the angle BCO, 
which is equal to the angle of elevation FOG-. For as the 
plumb line is perpendicular to the horizon, the angle FCO 
is a right angle, and therefore equal to BCG. Taking from 
these the common angle BCF, there will rem^n the angle 
B0O=FCG. 

In taking an aogle of depression, as HOL, the eye is placed 
at C, so as to view the object at L, through the sight-holes 
D and E. 

5. In treating of the mensuration of heights and dia- 
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tances, no new pnninples are 1o be brcmght into view. Wa 
have only to make an application of the iitles fm the solu- 
tioti rf trianglei to the particular e!rcmn&tanoe& in which 
the obBcrver may be ph^ed with respect to the line lo he 
measured. These are so jmmetous that the subject may be 
divided into a giPit nuaibcr of distinct eise% But as th«y 
are all solved upon the same general pimcipks it will not 
be necessary to giie esimpW under eai,h The following 
problems may se: i e *is t aj et,irai,n of those which most fre- 
quently occur in practjte 

Problem I. 




6. Mbasdre from the object ' 

the object 

If the distance AB be meas- 
ured, and the angle of elevation 
BAG ; there mil be given in 
the right angled tuan^le ABO, 
the base and the -jni^lcs, to find 
the perpendii-ular (Tng, 137.) 

As the inbtrument by wjiich 
the angle at A h measured, is commonly raised a few feet 
above the ground , a point B must b" taken in the object, 
so that AB shall be pirallel to the houzon. The part BP, 
may aftervrards be addpd to the height BC, found by trig- 
onometrical calculation 

Ex. 1. "What is the beie'ht of a tow.-i BC, if the distance 
AB, on a horizontal pknti, he 93 feet, and the angle BAC 
35i degrees ? 

Making the hypothenuse raiius (Trtg 121.) 
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Cos. BAG : AB ; : Sin. BAG : BC=69.9 feet. 
For tlie geometrical construction of the problem, see Trig, 
169. 

2. Wiiat is the height of tiie perpendicular sheet of water 
at the ftUIs of Hiagara, if it subtends an aHg;le of 40 degrees, 
at the distance of 1S3 feet ft-om the bottom, mcas\irod on a 
horizontal plane 1 Ans. 136^ feet, 

1, If the height of the object be hnotun, its distance may 
be found by the angle of elevation. In this case the angles, 
and the perpendicular of the triangle are given, to find the 
base. 

Ex. A person on shore, taking an observation of a ship's 
mast, ■which is known to be 99 feet high, finds the angle of 
elevation 3+ degrees What is the distance of the ship from 
the observer? Ans 98 lods 

8. If the obsenei bo sta 

fioned at the fop of the perpen ? — p™ 

dicular BC, whose height is ^ |§ 

known ; he may find the length , ', ' ^ 

of the base line AB, by meas- \y' b W 

uring the angle of depref,sion ^ ^ 
ACD, which is equal to BAG 

Ex. A seaman at fhc top of a mast 66 feet high, looking 
at another ship, find-, the angle of depie-^sion 10 degrees 
"What is the distance ot the two ■vessels from each other ? 
Ans. 22-| rods. 

We may find the distance between tioo objects which are 
in the same vertical plane with the perpendicular, by calcu- 
lating the distance of each from the perpendicular. Thus 
AG U equal to the difference between AB and GB. 
12 
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MAKES WITH LINES DKAWK THOM ITS TWi 

If the base AB be measured 
and the angles BAC and ABC ; 
there will he given, in the ob- 
lique angled triangle ABC, the 
side AB, and the angles, to find _,-•'''' 
BC. {Trig. 150.) "■■■'' 

Or the height BO may be 
found by measuring the distances BA, AD, and taking the 
angles, BAC and BBC. There will then be given in the tri- 
angle ADC, the angles and the side AD, to find AC ; and 
consequently, in the triangle ABC, the sides AB and AC 
with the angle BAC, to find BC. 

Ex. If AB be J6 feet, the angle B 101° 25', and the angle 
A 44= 42' ; what is the height of the tree BC ? 
Sin. C : AB I : Sin. A : : BC=95.9 feet. 

For the c/eo'flietrical construction of the problem, see Trig. 
169. 

10. The following are some of the methods by which the 
height of an object may be found, without measuring the 
angle of elevation. 

1. £j/ shadows. Let the staff be bo parallel to an oh- 
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ject BO, whose height is required. 
If the shadow of BC extend to A, and 
that of fe to a; the rays of hght CA 
and ea coming' from the sun may be 
considered parallel ; and therefore the tri- 
angles ABC and abe are similar ; so that 






:BC. 



Ex. If ab he 3 feet, be 5 feet 
height of BC ? 

2. £y parallel rods. If two 
poles am and en he placed 
parallel to the ohject BO, and 
at such distances as to bring 
the points 0, e, a, in a line, 
and if ab he made parallel to 
AB ; the triangles ABC, and 
abc will he similar ; and we 
shall have 



10 feet, what is tht 
Ans. 115 feet. 




One pole will be sufficient, if the observer can place his 
eye at the point A, so as to bring A, a, and C in a line. 

8. 5y a mirror. Let the smooth surface of a body of 
waf«r at A, or any plane mirror 
parallel to the horizon, be so situ- 
ated, that the eye of the observer 
at e may view the top of the ob- 
ject reflected from the mirror. 
By a law of Optics, the angle BAO 
is equal to 6Ae ; and if be be made 
parallel to BC, the triangle bAc 
will be similar to BAG ; so that 

A& : &c : : AB : BC. 
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OF AN IHAOOBSSIBLB OBJECl i 




A VBBTICAt. r 
CHE ODJECT, '- 
THE OTHER, A 



If tLe base AB be measured, 
Tvitb the angle CBP and CAB ; 
Hs ABC is the supplement of 
CBP, there will be given, in 
the oblique angled triangle 
ABC, the side AB imd the an- 
gles, to find BC ; and then in ^ 
the right angled triangle BCP, 

the hypothenuse and tbe angles, to find the perpendicular 
CP. 

Ex. 1. If C be tbe top of a spire, the horizontal base line 
AB 100 feet, the angle of elevation BAC 40°, and the angle 
PBC '60° ; what is the perpendicular height of the spire ? 

The difference between the angles PBC and BAC is equal 
1»ACB. (Ettc. 32, 1.) 

Then Sin ACB : AB : : Sin BAC : BC=.187.9 
And E : BC : : Sin PBC ; CP=162i feet. 

2. If two persons 120 rods from each other, are standing 
on a horizontal plane, and aJso in a vertical plane passing 
through a clwid, both being on the same side of the cloud : 
and if they find the angles of elevation at the two stations 
to be 68° and 16° ; what is the height of the cloud ? 

Ans, 2 miles 135.Y rods. 

12, The preceding problems are useftil in particular cases. 
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But the following is a geaeral rule, whicli may be used for 
finding the height of any otyect whatever, within moderate 



Problem IV. 




TO FIND THE HEIGHT OF ANY OBJECT, 1 


JY OBSERVATIONS AT 


13. MHAB0BK THE BASE LINE EBTWEE] 


S ins TWO STATIONS, 


SHE ANGLES BETWEEN THIS BASE AND 


LINES DUAWN mOM 


EACH OF THE STATIONS TO BACH END ( 


>r THE OBJECT, AND 


THE ANGLE SUBTENDED BY THE OBJKC 


T, AT ONE OF THE 


STA'^mwQ 






If BC be tlib ohjLCt 
whose height is reqmr 
ed, and if tke distance 
between the stitiuna A 
andDhemeaimed, with 
the angles ADC.DAC, 
ADB, DAB, and BAG ; 

there will be given in the triangle ADC, theaide AD and the 
angles, to find AC ; in tlie triangle ADB, the side AD and the 
angles, to find AB ; and then, in the triangle BAG, the sides 
AB and AC with the included angle, to find the required 
height BG. 

If the two stations A and D he in the same plane vri^'BC, 
the angle BAG will be equal to the difference between BAD 
and CAD. In this case it will not be necessary to n 
BAG. 



E: 



. If AD=83 feet, 
{ ADG=31= 
\ DAG =95= 



( ADB=33° 

I DAB=I21'' 

BAG =26°, 



is the height of the object BG ? 
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Sin ACD : AD : : ADC : AC=115.3 (Fig. 8.) 

Sin ABD : AD : : ADB ; AB=I03.1. 

(AC+AB) : {AC— AB) : : Tan J- (ABC+ACB) ; Tan i 

(ABC— ACB)=13° 38' 

Sin AOB : AB : : Sia BAC : BO=50.5'Z feet. 

If the object BC be perpendicular to the horizon, its 
height, after obtaining AB and AC as before, may be found 
by taking the angles of elevation BAP and CAP. The dif- 
ference of tlie perpendiculars in the right angled, triangles 
ABP and ACP, will be the height required. 



Problem V. 



' AN INACCESSIBLB OBJECT. 



14. Measure a i 



If C bo the object, and if the 
distance between the stations A 
and B be measured, with the an- 
gles at B and A ; there will be 
given, in the oblique angled tri- 
angle ABC, the side AB and the 
angles, to find AC and BC, the 
distances of the object from the 
two stations. 

Pot the geometrical construction. 




e Trig. 169. 



Ex. 1. What are the distances of the two stations A and 
B from the house C, on the opposite side of a river ; if 
AB be 26.6 rods, B 92" 46', and A 38" 40' ? 

The angle C=180— (A4-B)=48° 34'. Then 
^, „ ,„ ( Sin A ; BC=22.1'? 
SmC:AB:: j gi„ b ; AC=36.44. 
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2, Two ships in a harbor, wishing to ascertain how fer 
they are from a fort on shore, find that their mutual distance 
is 90 rods, and that the angles formed between a hne from 
one to the other, and lines drawn from each, to the fort ajo 
45° and 56° 15'. What are their respective distances from 
the fort? Ans. 76.3 and 6i.9 rods. 

15. The perpendicular distance of the object from the 
line joining the two stations may he easily found, after the 
distance from one of the stations is obtained. The perpeu- 
dicular distance PC is one of the sides of the right angled 
Lriangle BCP, Therefore 

R : EC : : Sin B : PC. 



Pboblsm VI. 




FIBD XHK DISTANCE BETWEEN TWO 


OBJECTS, WHEN THE 


PASSAGE FROM OBG TO THE OTHER, 


IN A STRAIGHT LINE 


IS OBSTBUOTBD. 




16. Measure the eight lines fb 


OM ONE STATION TO 


ICH OF THE OBJBCTa, ABB THE ABOI, 


E IBCLUDED BETWEIK 


BSE LINES. 





If A and B be the two objects, 
ttnd if the distances BC and AC be 
measured, with the angle at C ; there 
will be given, in the oblique angled 
triangle ABC, two sides and the in- 
cluded angle, (o find the other two 
angles, and the remaining side. (Trig, 
153.) 

Ex. The passage between the two objects A and B being 
obstructed by a morass, the line BO was measured and found 
to be 109 rods, the line AC 76 rods, and the angle at 
101° 30'. What 13 the distance AB ? 

Ans. 144.7 rode. 
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If A ajid B be the two 
objects, and if the distance 
between the stations C and D 
be measured, with the angles 
BDC, BCD, ADC, and ACD ; 
the lines AC and BC may be 
found as in Pioblem V and 
then the distance AB as in 
Problem VI 

Tills rule is substantially the same as thit in Art 13 
The two stations are supposed t be in the same plane witli 
the objeet-i If they aie not it will be neceseaij to meas 
me the angle AOB 

18 The same process by 'i hich ive obtain the di-^tan^e 
of tuo objects fiom eaoh othei will emble us to find the 
distance between one of these and a third between that and 
a fourth and so on till a connection is formed between a 
great numbei of remote points This is the plan of the 
great Tngonometrtcal Surveys whi hha^ebeen iatelj <,ar 
ned on with surprising exactness paiticnlarly in England 
and France 

I<) In the preceding problems for determining altitudes 
the objects are supposed to he it such moderate distani-es 
tliat the observations are not sensibly aftected by the spher- 
ical Jiffurs of the earth. The height of an object is meas- 
ured from an korinoatal 'plane, passing through the station 
at which the angle of elevation is taken. But in an estent 
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of several miles, the figure of the earth ought to be taken 
into account. 

Let AB he a portion of the 
earth's sujfaee, H an object above 
it, and AT a tangent at the point 
A, or a horizontal line passing 
through A. Then HT, the oblique 
height of the object above the ho- 
rizon of A, is only a,part of the 
height above the surface of the 
earth, or the level of the ocean. 
To obtain the true altitude, it is 

necessary to add BT to the heig'ht HT found by obser- 
vation. The height BT may be calculated, if the diameter 
of the earth and the distance AT be previously known. Or 
if the height BT be first determined from observation, with 
the distance AT ; the diameter of the earth may be theace 
deduced. 






Problem VIII. 


Finn THl 


S DIAMETER OF THE EARTH, FROM THE KNOWS 


HEIGHT 


P A DISTANT MOUNTAIN, "WHOSB SUMMIT IS JtTST 


VISIBLE I 


H THE HORIZON. 



20. From the square op the distance divided by the 

If BT (above figure) be a mountain whose height is 
known, with the distance AT ; and if the summit T be just 
visible in the hori^ton at A ; then AT is a tangent &t the 
point A. 

Let 2B0=D, the diameter of the earth, 
AT=d!, the distance of the mountaio, 
BT=A, its.hdght. 
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Then considering AT as a stridght line, and tte earth as ft 

Bpliere, we have (Euc. 36. 3.)* 

(2BC+BT)xBT=AT"; that is, {J)+h)xh=d\ 

and reducing the equation, 

d" , 
D=-^— A. 

Ei. The highest point of the Andes is about 4 miles above 
the level of the ocean. If a straight line from this touch 
the surface of the water at the distance of 178-f miles ; what 
is the diameter of the earth ? Ans. 7940 miles. 

21. If the distance AT be un- 
hiown, it may be found by meas- 
uring with a quadrant the angle 
ATO. Draw BG perpendicular 
to BC; and join CG, The trian- 
gles ACG and BCG are equal, be- 
cause each has a right angle, the 
sides AC and BC fire equal, and the 
hypothenuseCGiscommon. There- 
fore BG and AG are equal. In 
the right angled triangle BGT, the angle BTG is given, and 
the perpendicular BT. From these may be found BG and 
TG, whose sum is equal to AT, the distance required.f 

23, In the common measurement of angles, the light is 
supposed to come from the object to the eye in a straight 
line. But this is not strictly true. The direction of the 
light is affected by the refraction of the atmosphere. If the 
object he near, the deviation is very inconsiderable. But in 
an extent of several miles, and particularly in such nice oh- 

* ThoniBon's Legendre, 30. 4. 
f TMs method of determining the diameter of the earth is not ai oc- 
cttrato BB that by meaauring a degree of Latitude, 
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Berrations as determining the hdght of distant mountains, 
and the diameter of the earth, it is necessary to make allow- 
ance for the refraction. 



' THE SQtTAKE 



Let 2BC=D, the diameter of the earth, (Fig. 12.) 
BT==A, the height of the object, 
AT=^d, the distance req^wired. 

Then {D+?i)xh^d'. And rf=vM+F. 

Ex. If the diameter of the earth be 7940 miles, and 
Mount jEtna 2 miles high ; how far can its summit be seen 
at sea ? Ans. 126 miles. 

The actual distance at which an ohject can be seen, is in- 
creased by the refraction of the air. 



24. In this problem the eje 
the level of the ocean. But 
if the observer be elevated 
above the surface, as on the 
deck of a ship, he can see 
to a greater distance. If 
BT be the height of the 
object, and B'T' the height 
of the eye above the level 
of the ocean ; the distance 
at which the object can be 
seen, is evidently equal to the 
AT'. 



to be placed at 




A of the tang«Qjs AT and 
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lU 



MENSURATION OP 



Ex. Tlie top of a siiip's mast 132 feet tigh is just visible 
in the horizon, to an observer whose eye is 33 feet ahove the 
surface of the water. Wliat is the distance of the ship ? 

Ans. 21-^ miles. 

25. The distance to whioh a person can see the smooth 
surface of the ocean, if no allowance be made for refraction, 
is equal to a tangent to the earth drawn from his eye, aa 
PA. (Fig. 18.) 

Ex. If a man standing on the level of the ocean, baa his 
eye raised 5i feet above the water : to what distance can he 



Ans. 2-^ miles. 




see the surface ? 

26. If the distance AT, with 
the diameter of the earth be given, 
and the height BT to required ; 
the equation in Art. 23 gives 



27. When the diameter of the earth is ascertained, this 
may be made a base line for determining the distance of. the 
heavmdy hodies. A right angled triangle may be formed, the 
perpendicular sides of wJiich shall be the distance required, 
and the semi-diameter of the earth. If then one of the an- 
gles be found by observation, the required side may be easily 
calculated. 

Let AC be the 
semi-diameter of 
the earth, AH the 
sensible horizon at 
A, and CM the ra- 
Uona] horizon, ^ax- 
aUeltoAHjpassiug 
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through the moon M. The angle HAM may be found by 
astroaomical observation. This angle, which is called the 
Hiyrieontal Parallax, is equal to AMC, the angle at the moon 
subtended by the serai- diameter of the earth. (Euc. 29. 1.) 



Pkoi 


JLEM X. 






TO FIND THE DlSTAKCa OP AK 


IIlax H 


. ENQWN. 




28. As RAmUS, TO THE SJ 


EMI-DIAM 


ETER or THE 1 


EARTH ; SO 


IS THE CO-TANOBNT OF THE 


HORIZON 


ITAL PAItALtA 


X, TO THB 


MSTANCi;. 









In the right angled triangle AOM, (Fig. 14.) if AC be 
made radius ; 

R : AC : : Cot, AMC ; CM. 

Es. If the horizontal parallax of the moon be 0° 67', and 
the diameter of the earth 7940 miles ; what is the distance 
of the moon from tjie centre of the earth ? 

Ans. 239,414 miles. 

29. Th& fixed stars are too far distant to have any sensi- 
ble horizontal parallax. But from, late observations it would 
seem, that some of them are near enougli, to suffer a small 
apparent change of place, from the revolution of the earth 
Tound the sun. The distance of the sun, then, which is the 
semi-diameter of the earth's orbit, may be taken as a base 
line, for finding the distance of the stars. 

We thus pioceed b) degree'' fiom meibunng a Ime on the 
surface of the earth to calculate the distances of the 
bea\enl) hidies Fiom a base hne on a plane la deter 
mmed the height ot a mountain from the height of a 
mounfain the diametei of the taith from tho diameter of 
the eaith the distance of the sun and tiom the distance of 
the sun the distance of the stars. 
13 
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so. After finding the distance of a heavenly body, its mxff- 
nifude is easily ascertained; if it have an apparent diameter, 
sufficiently large to be measured by the instruments which 
are used for taking angles. 

LetAEB be the an- 
gle which a heavenly 
body subtends at the 
eye. Half this angle, 
if C be the centre of 
the body, is AEC; the 
line EA is a tangent 

to the surface, and therefore EAC is a right angle. Thei» 
making the distance EG radius, 

R EC "^m \EC \f 

That is, radiuB is to the distance as the su e of 1 ilf the 
angle which the bo h, subte ids to its semi diametei 

Ex, If the sun i-ubtends an ingle of 32 2 and if hia 
distance from tl e caith be 15 million railes what J3 his 
diameter 1 Ans 88o thousand miles 



Pbomiscuods Examples. 

1. On the bank of a river, the angle of elevation of a tree 
on the opposite side is found to be 46° ; and at another sta- 
tion 100 *et directly back on the same level, 31". What is 
the height of the tree t Ans, 148 feet. 

2. Gn a horizontal plane, observations were taken of a 
tower standing on the top of a hill. At one station the an- 
gle of elevation of the top of the tower was found to be 60° ; 
that at the bottom 39° ; and at another station 150 feet di- 
rectly back, the angle of elevation of the top of the tower 
was 32°. What are the heights of the hill aad the tower ? 

Ans. The hill is 134 feet high; the tower 63. 
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AKB DKTAKOHS. 147 

8. What is the altitude of the sun, when the shadow of a 
tree, cast on a horizontal plane, is to the height of the tree as 
4 to 3? Ans. 36° 52' 12". 

4. If a straight line from the top of the White Mountains 
in New Hampshire touch the ocean at the distance of 103-^ 
miles ? what is the height of the mountains ? 

Ans. 7100 feet. 
6. From the top of a perpendicular rock 56 yards high, 
the angle of depression of the nearest banlt of a river is 
found to he 55° 54', that of the opposite bank 33° 20'. Re- 
quired the breadth of the river, and the distance of ita near- 
est banit from the bottom of the rock. 

The breadth of the river is 46.4 yards ; 
Ita distance from the rock 37.2. 

6. If the moon subtend an angle of 31' 14", when her dis- 
tance is 240,000 miles ; what is her diameter? 

Ans. 2180 miles. 

7. Observations are inade on the altitude of a balloon, by 
two persons standing on the same aide of the balloon, and in 
a vertical plane passing through it. The distance of the 
Btations is half a mOe. At one, the angle of elevation is 30° 
58', at the other 36° 52'. What ia the height of the bal- 
loon above the ground? . Ana. li miles. 

8. The shadow of the top of a mountain, when the alti- 
tude of the sun on the meridian is 32°, atrikes a certain point 
on a level plain below ; but when the meridian altitude of 
the sun is 67°, the shadow strikes half a mile farther aouth^ 
on the same plain. What is the height of the mountain 
Rbove the plain ? Ans. 2246 feet. 
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NOTES. 



Note A. p. 13. 

It is common to define logarithms to be a series of numbers 
in aritiimetioal progression, corresponding with another 
series in geometrical progression. This is calculated to per- 
plex the learner, ■when, Tipon opening the tables, he finds that 
the natural numbers, as they stand there, instead of being in 
ffeometrical, are in arithmetical progression ; and that the 
logarithms are not in arithmetical progression. 

It is true, that a geometrical series may be obtained, by 
taking out, here and there, a few of the natural numbers ; 
and that the logarithms of these will form an arithmetical 
series. But the definition is not applicable to the whole of 
the numbers and logarithms, as they stand in the tables. 



M'oTB B. p. . 



/ 



If the perpendicuJar be drawn from the angh 

the longest side, it will 

always fall vnthin the tri- 
angle ; because the other 
two angles must, of course, 
be acute. But if one of 
the angles at the base be 
(Atuse, the perpendicular 
will fall without the trian- 
gle, »s OP. 

In this cast), the side on 
which the perpendicular 



■\ 



I 
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&I]s, is-to the sum of the other two ; as the difference of the 
latter) to the sum, of the segments made hy the perpendicular. 

The demonstration is the same, as in the other case, ex- 
cept that AH=BP+PA, instead of BP— PA. 

Thus, in the circle BDHL, of which is the centre, 

ABxAH— ALXAD ; therefore AB : AD : : AL : : AH. 

But AD=CD+CA=CB+CA 
And AL=CL— CA=CB— CA 
And AH=HP+PA=BP+PA 

Therefore, 

AB : CB+OA : : CB— CA ; BP+PA 

When the three sides are given, it may he known whether 
one of the angles is obtuse. .For any angle of a triangle is 
obtuse or acute, according as the square of the side sub- 
tending the angle is grmler, or leg$, than the sum of the 
squares of the sides containing the angle. (Euc. 12, 13. 2.)* 

Note C. p. 000. 

Gunter's Sliding Rule, is constructed upon the same prin- 
ciple as his scale, with the addition of a slider, which is so 
contrived as to answer the purpose of a pair of dividers, in 
working proportions, multiplying, dividing, &c. The lines 
on the fixed pttrt are the same as on the scale. The sUdey 
contains two lines of numbers, a line of logarithmic sines, 
and a line of logarithmic tangents. 

To multiply by this, bring 1 on the slider, against one of 
the factors on the fixed part ; and against the other factor on 
the slider, will be the product on the fixed part. To divide, 
bring the divisor on the slider, against the dividend on the 
fixed part ; and against 1 on the slider, will be the quotient 

t Thomson's Legendre, 12, 13. 4. 
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on the fixed part. To work a, projKirtion, bring the first term 
on the slider, against one of the middle terms on the fixed 
part'; and'against the other middle term oathe slider, will 
be the fourth term on the fixed part. Or the first term 
may beitiUcen on thefixed part; and then the fourth term 
Trill be found on the slider. 

Another instrument frequently used m trigonometrical con- 
structions, is 

THE SHOTOa. 

This consists of two equal scales movable about a point 
as a centre. The lines which are drawn on it are of two 
kinds, some being parallel to the sides of the instrument, and 
others divet^ng from the central point, like the radii of a cir- 
cle. The latter are called the double lines, as each is .re- 
peated upon the two scales. The single lines are of the 
same nature, and have the same use, as those which are put 
upon the common scale , as the lines of equal parts, ■ of 
chords, of latitude, drc , on one face ; and the logarithmic 
lines of numbers, of siaes, and of tangents, on the other. 
The rfoa6?e lines are 

A line of Lines, or equal parts, marked Lin. or L. 
A line of Chords, Cho. or 0. 

A line of natural Sines, Sin. or 9, 

A line of natural Tangents to 45°, Tan. or T. 

A line of tangents, above 45°, Tan. or T, 

A line of natural Secants, Sec. or 8, 

A line of Polygons, Pol. or P. 



The double lines of chords, of sines, and of tangents to 
45°, are all of the same radius ; beginning at the central 
point, and termmating near the other extremity of each 
scale ; the chord^i at 60°, the sines at 90°, and the tangents 
at 45°. (See Art. 05.) The Hne of hnes is also of the same 
length, containing ten equal parts which are numbered, and 
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whieh are again aubdivided. The radius of the lines of se- 
cants and of tangents above 45°, is about one-fourth of the 
length of the other linea. From the end of the radius, 
which for the secants is at 0, and for the tangents at 45°, 
these hnes estend to between 70" and 80". The line of 
polygons is numbered 4, 5, 6, &c., from the extremity of 
ea«h scale, towards the centre. 

The simple principle on which the utility of these several 
pairs of lines depends is this, that the sides of similar trian- 
ffles are proportional. (Euo. 4. 6.) So that sines, tangents, 
Ac., are furnished to ^ 

any radius, within the 
extent of the opening 
of the two scales. Let 
AC and AC' be any 
pmr of lines on the sec- 
tor, and AB and AB' 
equal portions of these 

lines. As AC and AC are equal, the triangle AGO' is 
isosceles, and similar to ABB'. Therefore, 




AB ; AC : : 



: CC. 



Distances measured from the centre on either scale, as AB 
and AC, are calied lateral distances. And the distances be- 
tween corresponding points of the two scales, as BB' and 
CC, are called transverse distances. 

Let AC and CC be radii of two circles. Then if AB be 
the chord, sine, tangent, or secant, of any number of degrees 
in one ; BB' will be the chord, sine, tangent, or secant of 
the same number of degrees in the other. (Art. 119.) Thus, 
to find the chord of 30°, to a radius of four inches, open the 
sector so as to make the transverse distance from 60 to 60, 
on the lines of chords, four inches ; and the distance from 
30 to 30, on the same lines, will be the chord required. To 
find the sine of 28°, make the distance from 90 to 90, on the 
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153 KOTES. 

lines of sines, equal to radius; and the distance from 28 to 
28 will be the sine. To find the tangent of 31°, make the 
distance from 45 to 45, on the lines of tangents, equal to 
radius ; and the distauce from 37 to 31 will be the tangent. 
In finding secants, the distance from to must be made 
radius. (Art. 201.) 

To lay down an angle of M°, deaciibe a circle, of any- 
convenient radius, open the sector, so that the distance from 
60 to 60 on the lines of chords shall be equal to this radius, 
and to the circle apply a chord equal to the distance from 
34 to 34. (Art. 161.) For an angle above 60", the chord 
of half the number of degrees may be taken, and applied 
twice on the arc, as in Art. 161. 

The line of polygons contains the chords of ares of a cir. 
ele which is divided into equal portions. Thus, the distances 
from the centre of the sector to i, 6, 6, and 7, are the chords 
of !> i) \< and ^ of a circle. The distance 6 is the radius. 
(Art. 95.) This line is used to make a regular polygon, or 
to inscribe one in a given circle. Thus, to make a pentagon 
w'tl tl e t ns e-sp di^tanc" from 6 to 6 for radius, describe a 
1 dldt f 6 to 5 will be the length of one 

f th d f p t inscribed in that circle. 

Th Ii i I es d to divide a line into equal orpro- 

p 1, 1 ] t t ti d f th proportionals, &;c. Thus, to 
d d 1 to 7 q 1 p rts, make the length of the given 

L th t d t from 7 to 7, and the distance 

f m 1 t 1 11 b f the parts. To find f of a line, 

m k th t d t from 5 to 5 equal to the given 

hn d tl d tan f 3 to 3 will be f of it. 

1 k g tl ^ / i s in trigonomeirg on the sector, 

th 1 th 1 th d f triangles are taken from the lino 

11 d th d nd minutes from the lines of 

I g t ant Thus, in Art. 186, ex. 1, 

3S : E : : 26 : sin 48='. 
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Sana. ISt 

To find the fourth term of this proportion by the sector, 
make the lateral distance 35 on the line of lines, a transverse 
distance from 90 to 90 on the lines of sines ; then the lateral 
distance 26 on the line of lines, will be the transverse dis- 
tance from 48 to 48 on the lines of sines. 

For a more particular account of the construction and uses 
of the Sector, see Stone's edition of Bion on Mathematical 
iBstvuments, Hutton's Dictionary, and Robertson's Treatise 
on Mathematical Instruments. 
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BOUNDED BY RIGHT LINES. 



Art, 1, The following definitions, which are nearly the 
lame as in Euclid, are inserted here for the convenience of 



I. Foar-sided %ui-es Jiave different names, according to 
the relative position and length of the sides. A paraUelo- 
ffram has its opposite sides equal and parallel, as ABCD. 




(Fig. 2.) A reciangh, or right ^rallelogram, has its oppo- 
site aides equal, and all its angles right angles ; as AC. 
(i'ig, 1.) A square has all its sides equal, and all its angles 
right angles ; as ABGH, (Fig. 3.) A rhomhus has all its 




sides equal, and its angles oblique ; as ABCD. (Fig, 3.) A 
rhomboid has its opposite sides equal, and its angles oblique ; 
as ABCD. (Fig. 2.) A trapezoid has only two of its sides 
parallel; as ABCD. (Fig. 4.) Any other four sided figure 
is called a trapezium. 
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H. A figure which has more than four sides is called a 
polyffon. A regular polygon has all its sides equal, and ail 
its angles equal. 

III. The height of a triangle 
is the length of a perpen- 
dicular, drawn from one of the 
angles to the opposite side ; as 
CP. The hdght of a. four dded 
figure is the perpendicular dis- 
tance between two of its par- 
allel sides ; as CP. (Fig. 4.) 

IV. The area or mperficial contents of a figure is the 
space contained within the line or lines by which the figure 
is bounded. 

2, In calculating areas, some particular portion of surface 
is fixed upon, as the measuring unit, with which the given 
figure is to he compared. This is commonly a square ; as a 
square inch, a square foot, a square rod, &c. For this rea- 
son, determining the quantity of surface in a figure is called 
squaring it, or finding its quadrature, that is hnding a. 
square or number of squares to which it is equal 

3. The superficial unit has generally the same name, aa 
the linear unit which forms the side of the squaie 

The side of a square inch is a linear ineb, 
of a square foot, a linear foot ; 
of a square rod, a linear rod, &c. 
There are some superficial measures, however, which have 
no corresponding denominations of length. The acre, for 
instance, is not a square which has a line of the same name 
for its side. 

The following tables contain the linear measures in com- 
mon use, with their corresponding square measures. 
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MENSUKATIOK OB 


PLANE S DBF ACES 




Linear Measures. 


Square Measures. 


12 inches =lfoot. 


144 inches 


= 1 fooL 


S feet =1 yard. 


9 feet 


= 1 yard. 


6 feet =1 fathom. 


36 feet 


=1 fathom. 


IH feet =1 rod. 


272-i- feet 


= 1 rod. 


5i yards =1 rod. 


30-i- yards 


=1 rod. 


4 rods =1 chain. 


16 rods 


= 1 chain. 


40 rods =1 furlong. 


1600 rods 


=1 furlong. 


20 rods =1 mile. 


102400 rods 


=1 mile. 



n acre contains 160 square rods, or 10 square chains. 
f reducing the denominations of square measure, it will 



The fundamental problem in the mensuration of super- 
ficies is the very simple one of determining the area of a 
right parallelogram. The contents of other figures, partic- 
ularly those which are rectilinear, may be obtained by find- 
ing parallelograms which are equal to them, according to the 
principles laid down in Euclid. 

Prociem I, 



4. M0LTIPLT T 



1 FBRPENDtCDLAR 1 



It is is evident that the number of 
square inches in the parallelogram AO 
is equal to the number of linear 
inches in the length AB, repeated as 
many times as there are inches in the 
breadth BO. For more particular 
illustration of this see Alg. 886—389. 
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The oblique parallelogram or rhomboid ABCD, (Fig. 2.) 
is equal to the right parallelogram GHCD. {Euc. 36. 1.)* The 




area, therefore, is equal to the length AB multiplied into the 
perpendicular height HO. Andtherhombus ABOD, (Fig. 3,) 
is equal to the parallelogTam ABGH. As the sides of a 
square are all equal, its area is found, by w.v.Uiplying one of 
the sides into itself. 

Ex. 1. How many square feet are there in a floor 23^ feet 
long, and 18 feet broad? Ans. 23i-X18=423. 

2. What are the contents of ;a piece of ground which is 
66 feet square ? Ans. 4356 sq..feet=lG sq. rods. 

3. How many square feet are there in the four sides of a 
room which is 22 feet long, 17 feet broad, and 11 feet high ? 

Ans. 858. 

Akt.S. ilf the sides and angles of a parallelogram are 
given, the perpendicular height may be easily found by trig- 
onometry. Thus, CH {Fig. 2.) is the perpendicular of a 
right angled triangle, of which BO is the hypotheuuse, 
ThOT,(Trig. 134.) 

E ; BO : : sin B : CH. 

The area is obtained by multiplyiiig OH thus found, into 
the length AB. 

• Thomson's Legendre, 1. 5. 
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MENamtATION OF FLABE SCEPAOBS. 

Or, to reduce tke two operations to one, 

As radius, 

To the sine of any angle of a parallelogram ; 

So is the product of the sides including that angle. 

To the area of the parallelogram. 



For the «j-ea=:AExCH,{Fig. 2.) But CH^ 



BCxsin I 



Therefore, 
_ABxBGxsi 



-. Or,S : sin B : : ABxBO : thearea. 



Ex, If the side AB be 58 rods, BO 42 rods, and the an 
3 63°, what is the area of the parallelogram ? 

As radius 10.00000 

To the sine of B 83^ S.94988 

j So is the product of AB 58 1.76343 

( Into BC (Trig. 39.) 42 1.62325 

To the area 2170.5 sq. rods 3.33656 



2. If the side of a rhombus is 67 feet, and oue of the 
angles 73°, what is the area ? Ans. 4292.7 feet. 

0. When the dimensions are ^ven in feet and inches, the 
multiplication may be conveniently performed by the arith- 
metical rule of Duodecimals ; in which each inferior denom- 
ination is one-twelfth of the next higher. Considering a foot 
as the measuring unit, a prime is the twelfth part of a foot ; 
a second, the twelfth part of a prime, &c. It is to be ob- 
served, that, in measures of length, inches to^primes; but in 
superjiiaal measure they are seconds. In both, a prime is -jV 
of a foot. But tV of a square foot is a parallelogram, a foot 
3ong and an inch broad. The twelfth part of this is a square 
inch, which is tit of a square foot. 
I* 
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METJSBIIATION OP t 



Ex. 1, What is the surface of a hoard 9 feet 5 inches, by 
2 feet 7 inches. 



r 24 feet 41 inches. 



2. How many feet of glass are there in a window i feet 
11 inches high, and 3 feet 5 inches broad ? 

Ans. 16 F. 9' 1", or 16 feet 115 inches. 

7. If the area and one side of a parallelogram be given, 
the other side may be found by dividing the area hy the 
given side. And if the area of a square be given, the side 
may be found by extracting the square root of the area. This 
is merely reversing the rule in Art. 4. See Alg. 520, 531. 

Ex. 1. What 18 the breadth of a piece of cloth which is 
36 yds. long, and which contains 63 square yards, 

Ans, Ij yds. 

2. What is the side of a square piece of land containing 
289 square rods ? 

8, How many yards of carpeting 1-J yard wide, will cover 
a floor 30 feet long and 22-^ broad ? 

Ana. 30X22ifeet=10x7i=T5 yds. And75-Mi=60. 

4. What is the side of a square which is equal to a par- 
allelogram 936 feet long and 104 broad ? 

5. How many panes of 8 by 10 glass are there, in a win- 
dow 6 feet high, and 2 feet 8 inches broad ? 
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MENSHEATIOK OP PI.ANG 



To find the area of a r&ik'SQJS. 

8. Rule I. Multiply one side by half thk pehpen- 
DicuLAa FROM THE OPPOSITE ANGLE. nult ] Iv h If the 
side by the perpendicular. Or, multiplj the h le de hy 
the perpendicular and take half the prod ct 

The area of the triangle ABO, 
is equal to \ PCxAB, because 
a parallelogram of the same 
base and height is equal to PC 
XAB, (Art. 4.)and byEuc. 41, 
1,* the triangle is half the par- 
alJeiogram. 

Ex. 1. If AB be 65 feet, and PC 31.2, what is the area 
of the triangle ? Ana. 1014 square feet. 

2. What is the surface of a triangular board, whose base 
is 3 feet 2 inches, and perpendicular height 2 feet 9 inches ? 
Ans. 4 F. 4' 3", or 4 feet 51 inches. 




9. If tw 
given, the p 
found by i 
calculated n 



ogram in A 
angle ABC, 



f a 



nd he included angle, are 

s may be easily 

And the area may be 




And because the triangle i 
,ame base and height. 



. half the parallelogram of the 



» Thomson's Legendre, 2, 4. 
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MBNSUSATIOrJ OF I 



! SIJBFAOKa 




of the angle oppo- 



Ab radius. 

To the sine of any angle of a triangle ; 

So is the product of the sides including that 

To twice the area of tlte triangle. (Art. 6.) 

Ex. If AC be 39 feet, AB ^ 

65 feet, and tlie angle at A 53° 
7' 48", what is the area of the 
triangle? Ans. 1014squarefeet. 

9. 6. If one side and the angles 
are given ; then ^ 

As the product of radius aad tlie 
site the given side. 

To tlie product of the sines of the two other angles; 
So is the square of the given side. 
To twice the area of the triangle. 
If PC be perpendicular to AB. 

E : sin B : : BC : CP 
sin ACB ; sin A : : ^B : BC 
Therefore, (Alg. 351, 345.) 
_^ X sin ACB : sin A X sin B : : AB X BC : CP X BC : : 
AB' : ABxCP^twice the area of the triangle. 

Ex, If one side of a triangle be 57 feet, and the angles at 
tie ends of tliis side 50° and 60°, what is the area ? 

Ans. lUV sq. feet. 

10, If the sides only of a triangle are given, an angle may 
be found, by oblique trigoaometry. Case IT, and then the 
perpendicular and the area may be calculated. But the area 
may be more directly obtained, by the following method. 

Rule II. "When the three sides are given, front half their 
sum subtract each side severally, multiply together the half 
sum and the three remainders, and extract the square root of 
ibe product. 
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il-EiTION OF PLANE 



If the sides of the triangle . 
their sum. then 



a, b, and c, and if 7t=:lialf 



The area=Vhx(h~a)X{h—h)X{!i~^) 

Ex. 1. In the triangle ABC, 
given the sides a 52 feet, 6 
and c 65 ; to find the side of 
square which has the 
as the triangle. 




=V78X 26X39X13=1014 square ft 
By logarithms. 



The half sum 
First remainder 
Second do. 
Third do. 



The a 

Side of the squai' 



=31.843 (Trig. 41.) 1.5 



1.89209 
1.41497 
1.59106 
1.11394 
2)6.01206 
2)3.00603 



2. If the sides of a triangle 
wliat is the area? 



! 134, 108, and 80 rods, 
Ans. 4319. 



3. What is the area of a triangle whose sides are 371, 264, 
and 225 feet ? 



To find the area of a 
21. Ml'L'I'iply hale the sum op 
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i- PI.J.KB siTBrACEa, 




The area of the 1 
ABCD, is equal to half the 
sum of the sides AB and CD, 
multiplied into the perpeadic- 
ular distance PC or AH. For 
the whole fi^rc is made up of 
the two triangles ABC and " 

ADO ; the ai'ea of the first of which is equal to the product 
of half the hase AB into the perpendicular PC, (Art. 8.) 
and the area of the other ia equal to the product of half the 
base DC into the perpendiciJar AH or PC. 

Ex. If AB be 46 feet, EC 31, DC 39, and the angle B 
V0°, what is the area of the trapezoid 1 



R : BC : 



: PC= 



9.13. And42x29.13=1223i. 



2. What are the contents of a field which has two par- 
allel .sides 65 and 38 rods, distant from each other 27 rods ? 



To find the a 



:ofa 



r of an irregular POLrGOfT. 



r DRAW- 



E AREAS OP Tl 



13. Divide the whole FiecRE inti 

IHG DIAGOSALS, AND FIKD THE SUM C 
TRIANGLES. (Alg 394) 

If the perpend la n two triangles fall upon the same 
diagonal, the ai a of the t apez um formed of the two trian- 
gles, ia equal t 
product of the d a, 
the sum of the pe p 

Thus the 
zium ABCH, 

i BHxAL+iBHx CM^-JBHx(AL+CM.) 
Ex. Id the irregular polygon ABCDH, 
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( BH= 
if the diagonals < nvi— 



, ( AL =5.3 

'' and the perpendiculars ) CM=9,3 
( DN=7.3 



The a 



= 18xH.G+lliX7.3 



14 If tlie diagonals uf a trapeeium. are given, the area 
miv he found, nearly in the same mannoi' as the area of a 
parallelogiam in Ait 5, and the area of a triangle in Art. 9. 

In the trapezium ABCD, the sines of the four angles at 
N, the point of intersec 
tion of the diagonals, aie 
all equal For the two 
acute angles aie supple- 
merits of the othei two, 
and tlierefoie have the 
=ime sine (Tng "^O ) 
Putting, thtn. Bin N for 
the sine of cai,h of these angles 
angles of which the tiipezium is 
iollowmg propoition'. (Ait 9 ) 




of tSie four tn- 
are given by the 



BNxAN : ^areaKWS 
BNxCK" : 2 arm BOH" 
DNxCN : 2 area GDIS 
DNxAN; iareaKDlS 

And by addition, {Alg. 349, Cor. 1,)* 
R : sinNxBNxAN+BNxCN+DNxCH'+DNxAIif: 
2 area ABCD. 
The 3d term=(AN+CN)x(BN+DN)=ACxBD, by 
the figure. 



Therefore B 



nN::;ACxBD :2o 
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To the sine of the angle nt the intersection of th« 

diagonals of a trapezium ; 
So is the product of the diagonals. 
To twice the area of the trapezium. 

It is evident that this rule is applicable to a parallelogram, 
as well as to a trapezium. 

If the diagonals intersect at riciht angles, the sine of U is 
equal to radius ; {Trig. 95.) and therefore the product of the 
diagonals is equal to twice tho area. (Alg. 356.)"' 

Ex. 1. If tho two diagonals of a trapezium are 31 and 03, 
and if they intersect at an angle of 54°, what is tho area of 
the trapezium ? Aiis. 028. 

2. If the diagonals are 65 and 93, and the angle of inter- 
section 74°, what is tlie area of the trape?iuni ? 



To find the area of a 



y. 



A regular polygon contains as many equal 
figure has sides. Thus, tlie hexagon 
ABDFGH contains six triangles, each 
equal to ABC. The area of one of 
them, is equal to the product of the 
side AB, into half the perpendictdar 
CP. (Art. 8.) The area of the whole, 
therefore, is equal to this product 
multiplied into the numier of sides. 
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MBiSSORATIOW OF PLANE SUBFACirS. 17 

Ex, 1. What is the area of a regular octagon, in which the 
length of a side js 60, and the perpendicular from the centre 
72.426? Ans. 17382. 

2. What is the area of a regular decagon whose sides are 
46 each, and the perpendicular 70.7867 ? 

16. If only the length and number of sides of a regular 
polygon be given, the perpendimlar from the centre may be 
easily found by trigonometry. The periphery of the circle 
in which the polygon is inscribed, is divided into as many 
equal parts as the polygon has sides. (Euc. 16. 4. Schol.)* 
The arc, of which one of the sides is a chord, is therefore 
known ; and of course, the angle at the centre subtended by 
this arc 

Let AB he one side of a regular polygon inscribed in the 
circle ABDG. The perpendicular OP bisects the lino AB, 
and the angle ACB. (Euc. 3. 3.)\ Therefore, BCP is the 
same part of 360", which BP is of the perimeter of the 
polygon. Then, in the right angled triangle BOP, if BP be 
radius, (Trig. 122.) 

R : BP : : cot BCP : OP. That is. 

As Radius, 

To half of one of the sides of the polygon ; 
So is the cotangent of the opposite angle. 
To the perpendicular from the centre. 

Ex. I. If the side of a regular hexagon be 38 inches, what 
is the area ? 

The angle BCP=i\ of 360°=30°. Then, 

R : 19 : : cot 30° : 32.909=CP, the perpendicular. 

And the area=19X33.909X6=3761.6 

• Thomson's Logendre, 2. 6, Schol. ■[ Ibid. G. 2. 
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MENSURATION I 



' PLANE BmtrACES. 



2. What is the area of a regular decagon whose sides are 
each 62 feet 1 Ans. 29576. 

17. From the proportion in the preceding article, a lable 
of perpendiculars and areas may be easily formed, for a series 
of polygons, of which each side is a unit. Putting R=l, 
(Trig. 100.) and »=the numher of sides, the proportion be- 






: the perpendicular 



So that, the perp.=i cot — - 
2m 

And the area is equal to half the product of the perpen- 
dicular into the number of sides. {Art. IS.) 

Thus, in the trigon, or equilateral triangle, the perpendio- 
ular=-t cot^^^=icot 0O°=O.2886752. 



And the area=0.4330I27. 

In the tetragon, or square, the perpendicular ^i^ cot — — 
=i cot 45°=^0.5. And the area=l. 

In this manner, the following table is formed, in which 
the side of each polygon is supposed to be a unit. 



Names. 


Sides. AngkJ. 


Petpenrlloiilars, 


Ak^. 


Trigon, 


3 


60= 


0.2886752 


0.4330127 


Tetragron, 


4 


45° 


0.5000000 


1.0000000 


Pentagon, 


s 


36° 


0.6881910 


1.7204774 


Hexagon, 


e 


30" 


0.8660264 


2.5080762 


Heptagon, 


7 


26-^ 


1.0382601 


3.6339124 


Octagon, 


8 


22i 


1.2071069 


4.8284271 


Noaagon, 


9 


20° 


1.3737385 


6.1818242 


Decagon, 


10 


18° 


1.6388418 


7.6942088 


Undecagon, 


11 


16-^ 


1.7028439 


9.3656399 


Dodecagon, 


12 


15° 


1.8660252 


11.1961624 
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MBNSUHATION OF THE CIRCLE. 18 

By this table may be calculated the area of any other reg- 
ular polygon, of the same number of sides vrith one of these. 
For the areas of similar polygons are as the squares of their 
homologous aides. (Euc. 20. 6.)* 

To find, then, the area of a regular polygon, multiply the 
square of one of its sides iy the area (^f a similar polygon of 
which the side is a unit. 

Ei. 1, "What is the area of a regular decagon whose sides 
are each 102 rods ? Ans, 80050.5 rods. 

2. What is the area of a regular dodecagon whose sides 
are each 87 feet ? 



SECTION a 

THE OUADRATURE OP THE CIECLE AND ITS PARTa. 

Art. 18. Defnition I. A circle is a plane bounded by a 
line which is equally distant in all its parts from a point 
within called the centre. The bounding line is called the 
circumference or periphery. An arc is any portion of the 
circumference. A semi-circle is half, and a quadrant one- 
fourth of a circle. 

II. A Diameter of a cii-cle is a strmght line drawn through 
the centre, and terminated both ways by the circumference. 
A Radius is a straight line extending from the centre to the 
circnmference. A Chord is a straight line which joins the 
two extremities of an arc. 

III. A Circular Sector is a space contained between an 
arc and the two radii drawn from the extremities of the arc. 

T Thomson's Legendro 1 . 5. Cor. 



Hosiecb, Google 



20 MENSURATION OF THE 

It may be less than a semi-circle, as 
ACBO, or ffreaier, as ACBD. 

IV. A Circular Segment is tlje 
space contained between aa arc and 
its chord, as ABO or ABD. The chord 
is sometimes called the base of the 
segment. The height of a segment 
is the perpendicular from the middle 
of the base to the arc, as PO. 

V. A Cuculai Zone v, the space 
between two pai illel cboids as 
AGHB. It IS called the middle 
zone, when the two chords are 
equal, as GHDE. 



VI. A Circular Ring is the space between the peripberieB 
of two concentric circles, as A A ', BB'. (Fig. 13.) 





lar 



VII. A I/ime or Crescent is the space between two eirci 
which interaeot each other, as ACBD. (Fig. 14.) 



19. The Squaring of ike Cirde is a problem which has 
exercised the ingenuity of distinguished mathematioians for 
many centuries. The result of their efforts has been only 
an appr<Keimation to the value of the area. This can be car- 
ried to a degree of exactness far beyond what is necessary 
for practical purposes. 
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20. If the circumference of a circk of given diameter 
were kDOwn, its area could be ea'iily found For the area is 
equal to the product of half tlie circumference into half the 
diameter. (Sup. JEuc 5 1 *)| But the cucumference of a 
circle has never been exactly determine i The method of 
approximating to it la by m&cribmg and circumscribing j»?j?- 
<l<ms, or by some process of calculation which is, in principle, 
the same. The perimeters of the polygons can be easily 
and esactly determined That which is circumscribed is 
greater, and that which is inscr bed is le>,» than tte peri- 
phery of the circle ; a id by increasing the number of sides, 
the difference of the two polygons may be made leas than 
any given quantity. (Sup Euc 4 1) ^ ^ ^ 

31. The side of a hemaoi m 
scribed in. a circle as AB la the 
chord of an arc of 60°, and there- 
fore equal to the radius, (Trig. 95.) 
The chord of half this are, as BO, 
is the side of a polygon of 12 equal 
sides. By repeatedly bisecting the 
arc, and finding the chord, we may 

obtain the side of a polygon of an immense number of ades. 
Or we may calculate the sine, which will be half the chord 
of double the arc, (Trig. 82, cor.,) and the tangent, which 
■will be half the side of a similar drcumscrihed polygon. 
Thus the sine AP, is half of AB, a side of the inscribed 
hexagon ; and the tangent NO is half of NT, a side of the 
circumscribed hexagon. The difference between the sine 
and the arc AO is less than the difference between the sine 
and the tangent. In the section on the computation of the 
canon, (Trig. 223.) by 12 swcoessive bisections, beginning 
with 60 degrees, an are is obtained which is the -jt+tt of 
the whole circumference. 

' In this manner, the Supplement to Playfair's Eudid is referred t( in 
chis worlt. t Thomson's Legendrc, 11. 5. 
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22 MENBURATION OF THE CIRCLE. 

The cwiine of this, if radius be 1, is found to be .99999996732 
The sine is .00025568346 

And the tangent= ^'"^- (Trig. 93.) =.00025566347 

cosine _^_^^___^_,__^ 

The diff. between the sine and tangent is only .00000000001 

And the difference between the sine and the arc is still less. 

Takbg then, .000255663465 for the iength of the arc, 
multiplying by 24576, and retaining S places of decimals, 
we have 6.283I853I for the whole circumference, the radius 
being 1. Half of this, 

3,14159265 

is the circumference of a circle whose radius is i, and diam^ 
eter 1. 

22. If this be multiplied by 7, the product is 21.99+or 
22 nearly. So that, 

Diam ; Circum : : ? ; 22, nearly. 

If 3.14159265 be multiplied by 113, the product is 
854,9999+, or 355, very nearly. So that, 

Diam ; Oircum : : 113 ; 355, very nearly. 

The first of these ratios was demonstrated by Ai'chimedes. 

There are various methods, principally hy infinite series 
and fluxions, by which the labor of carrying on the approx- 
imation to the periphery of a circle may he very much 
abridged. The calculation has been extended to nearly 160 
places of decimals. But four or five places are sufHcieat 
for most practical purposes. 

After determining the ratio between the diameter and the 
circumference of a circle, the following problems are easily 
solved. 
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UEKSUKATION OF THE CIRCLE. 



To find the ciroumpbrbnoe of a eirclefrom, 
23. Multiply THE diameter by 3.1415 



Or, 
Multiply the diameter hy 22 and divide the product Jty T. Or, 

multiply tlie diameter by 355, and divide the product by 

113. (Art. 22.) 

Ex. 1. If the diameter of the esrOx be '^930 miles, what 
is the circumference? Ans, 249128 miles, 

2. How many miles does the earth move, in revolving 
round the sun; supposing the orbit to be a. circle whose 
diameter is 190 million miles? Ans. 696,902,100. 

3. What is the circumference of a circle whose diameter 
is 769843 rods? 

Problem II, 

24. Divide the circumferewce by 3.14159. 
Or, 
Multiply the circumference by 7, and divide the .product hy 

22, Or, multiply the circumference by 113, and divide 

the product by 3S5, (Art. 22.) 

Ex. 1. If the circumference of the sun he 2,800,000 miles, 
what is his diameter ? Ans. 891,26'?. 

2. What is the diameter of a tree which Js 6^ feetroimd? 

26. As multiplication is more easily performed than divis- 
ion, there will he an advantage in exchanging the diviior 

* In many cases, 3.1416 will be sufficiently accnrate. 
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3.14159 for a multiplier -wlach will give the same result. 
In the proportion 

3.14159 : 1 : : Oircimi : Diam. 

to find the fourth term, we may divide the second by the 
first, and multiply the quotient into the third. Now, 1-v- 
3.14169=0.31831. If, then, the circumference of a circle 
be multiplied by .31831, the product will be the diameter. 

Es. 1. If the circumference of the moon be 0850 raiies, 
what is her diameter? Ans. 2180. 

2. If tJie whole extent of the orbit of Saturn be 5650 
million miles, how far is he from the sun ? 

3. If the periphery of a wheel be 4 feet 7 inches, what is 
its diameter? 

PSOELEM IIL 

ToJtTui the length of an arc of a circle. 

26. As 360°, (o the number of degrees in the are ; 

So is the circumference of the circle, to the length of the are. 

The circumference of a circle being divided into 360°, 
(Trig. 73.) it is evident that the length of an arc of any less 
number of degrees must be a proportional part of the wliole. 

Ex, What is the length of an arc of 16°, in a circle whose 
radius is 50 feet ? 

The circumference of the circle is 314.159 feet. (Art. 23.) 

Then 360 : 16 : : 314.159 : 13.96 feet. 

2. If we are 85 millions of miles from the sun, and if the 
earth revolves round it in 365^ days, how far are we carried 
in 24 hours? Ans. 1 million 634 thousand miles. 

27. The length of an arc may also be found, by multiply- 
ing the diameter into the number of degrees in the arc, and 
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this product into .m8l26S, which is the length of one de- 
gree, in a circle whose diameter is 1, For 3.I4159-^360= 
0.0087266. And in different circles, the oircumferencea, and 
of course the degi'ees, are as the diameters. (Sup. Euc. 8, 1.)* 

Ex. 1. What ia the length of an arc of 10° 15' in a circle 
whose radius is 68 rods ? Ans. 12.166 rods. 

2. If the circumference of the earth be 24913 miles, what 
is the length of a degree at the equator ? 

28. The length of an are is frequently required, when 
the numher of degrees is not given. But if the radius of the 
circle, and either the chord or the height of the arc, be 
known ; the number of degrees 
may be easily found. 

Let AB be the chord, and PO 
the height, of the arc AOB. As 
the angles at P are right angles, and 
AP is equal to BP; (Art. 18. Def. 
4.) AO is equal to BO. (Euc. 4, 
l.)t Then, 

BP is the sim, and CP the c> 
OP the versed sine, aad BO the cltord, \ 

And in the right angled triangle OBP, 

a BCP or BO. 
.s BCP or BO. 

Ei, 1. If the radius 00=25, and the chord AB=43.3 ; 
what is the length of the ai'c AOB ? 

OB : B ; : BP : sin BCP or BO--G0° very nearly. 

The circumference of the circle ^3.14159x50=157.08. 

And 360° : 60° : : 157.08 : 26.18=OB. Therefore, AOB =6 2. 3 6. 




, I offinZ/thearc AOB. 



:Tl:: 



• Thoimon'a Legendre, 10. f 



t Ibid., 5. 1, 
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2. What is the length of ai 
circle whose radius is 125 ? 



c whose chord is 216J. in o 
Ans. 261.8. 



29. If only the ch(rrd and the heiyU of 
the radius of the circle may be 
found, and then the length of the 



If BA be the chord, and PO the 
the height of the arc AOB, then 
(Euc. 35. 3.)* 




DP- 



OP" 



And D0=0P+DP=OP+^ 



That is, the diameter is equal to the height of the arc, + 
the square of half the chord divided by the height. 

The diameter being found, the length of the arc may be 
calculated by the two preceding articles. 

Ex. 1. If the chord of an arc be 173.2, and the heis^ht 50, 
■what is the length of the arc ? 



The diameter =-50+55:2_„2O0. The ai 
50 

(Art. 28.) and its length is 209.44. (Art. 26 



2. "What is the length of a 
height 45 ? 



c whose chord is 120, and 
Ans. 160.8. 



PHOBLBM IT. 

To find the area of a o 

80. MULTXPLT THE SQUAKB OF TH 

.7854, 
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MENSIiEATlON OF THE CIHCLE. 27 

Or, 

Multiply half the diameter into half the cikcuM- 
FBRESCE. Or, multiply the whole diameter into the whole 
circumference, and take -J of the product. 

Tlie area of a circle is equal to the product of half tlie 
diameter into half the circumference ; (Sup. Euc. 6, 1.) or, 
ivhich is tlie same thing, f the product of the diameter and 
circumference. If the diameter be 1, the circumference ia 
3.14159; (Art. 33.) one-fourth of which is 0.7854 nearly. 
But the areas of different circles are to each other, o* the 
squares of their diameters. (Sup. Euc. 7, 1.)* The area of 
any circle, therefore, is equal to the product of the square of 
its diameter into 0.7854, which is the area of a circle whose 
diameter is 1. 

Ex. 1. What is the area of a circle whose diameter isfi23 
feet? Ans. 304836 square feet. 

2. How many acres are there in a circular islaad whose 
diameter is 124 rods. Ans. 75 acres, and 70 rods. 

3. If the diameter of a circle be 113, and tlie circumfer- 
ence 355, what is the area ? Ans. 10029. 

i. How many square yards are there in a circle whose 
diameter is 1 feet ? 

31. If the circumference of a circle he given, the area may 
be obtained, by fir'tt finding the diameter or without finding 
the diameter, by multiphmg the iqinre of the cii cumference 
by .07968. 

For, if the circumfeieni.e of i ciicle be 1 the diameter = 
1-^3.14159=0,31831 and -^ the pioduct of tlii^ into the 
circumference is .07958 the aiea But the areaa ot differeat 
circles, being as the tquares of then dnmeters are ilso as 
the squares of their cirMwferences (Sup Eul 8, 1 } 

» Thomson's LegenJM, 2S. 4. Cor. 
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Ex. 1. If the circumference of a circle be 136 feet, what 
is the area? Ans. liTS feet. 

2. What is the aurfa^e of a circular fish-pond, which is 
10 roda in circumference ? 

32. -If the area of a circle be given, the diameter may be 
found, by dividing the area by .'7854, and extracting the 
square root of the quotient. 

This is reyereing the rule in Art, 30. 

Ex. 1. What is the diaiaeter of a circle whose area is 

380.1336 feet? 

Ans. 380.1336-^.V864=484. And V484=22. 
2. What is the diameter of a circle whose area is 19.636 ? 

33. The area of a circle, is to the area of the circumscribed 
•tquare i as .7854 to 1 ; and to that of the inscribed square 
as .7854 to i- 

Let ABDF be the inscribed 
square, and LMNO the circum- 
scribed square, of the circle ABDF. 
The area of the circle is equal to 
AD=X.V854. (Art. 30.) But the 
ai-ea of the circumscribed square 
(Art. 4.) is equal to ON^^AD". 
And the smaller square is half of 
the larger one. For the latter con- 
tains 8 equal triangles, of which the former contains only 4. 

Ex. What is the area of a square inscribed in a circle 
whose area is 159 ? Ans. .7854 : -J- : : 159 : 101.22. 



. M 



To find the area of a 



84. Multiply 3 
Ills ARO. 
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It is evident, tliat the area of the sector has the same 
ratio to the area of the circle, which the length of the arc 
has to the length of the whole circumference ; or which the 
number of degrees in the arc has to the number of degrees 
in the circumference. 

Ex. 1. If the arc AOB be 120'^, 
and the diameter of the circle 226 ; 
what is the area of the sector 
AOBC? 




The area of the whole oirolo is 

40115. (Art. 30.) 
And 360= : 130° : : 40115 : " 

1337l|, the area of the sector. 

2. What is the area of a quadrant whose radius is 621 ? 

3. What is the area of a semi-circle, whose diameter is 
328? 

4. What is the area of a sector which is less than a semi- 
circle, if the radius be 15, and the chord of its arc 12 ? 

Half the chord is the siue of 23° 34f' nearly. (Art. 38.) 
The whole arc, then, is 47° 9^' 

The area of the circle is J06.86 

And 300° : 47° 9^' : : 706.88 ; 92.6 the area of the sector. 
6. If the arc ADB be 240 degrees, and the radius of the 
circle 113, what is the area of the sector ADBC ? 



I VI. 



2*0 Jind tlte a. 

FtND THE ARE 
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TjlEN, IJ 
SUBTRACT i 




If the triangle ABC, be taken 
from the sector AOBC, it is evi- 
dent the difference will be the seg- 
ment AOBP, less than a semi-cir- 
cle. And if the same triangle be 
added to the sector ADBO, the 
sum will be the segment ADBP, 
greater than a semi-circle. 

The area of the triang-le (Art. 8.) 
is equal to the product of half the chord AB into CP, which 
is the difference between the radius and PO tlie height of the 
segment. Or CP is the cosine of half the arc BOA. If this 
cosine and the chord of the segment are not given, they 
may be found from the arc and the radius. 

Ex. 1. If the arc AOB be 120°, and the radius of the 
circle be 113 feet, what is the area of the segment AOBP ? 

In the right angled triangle BCP, 

E : BC : : sin BOO : BP=9l.8G, half the chord. (Art. 28.) 

The cosine PC=4- CO (Trig. 96, Cor.) 
The area of the sector AOBC (Art. 31.) 
The area of the triangle ABC=BPxPC 
of the segment, therefore. 



The 

2. If the 



e of s 



less than a 
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MENSUHATION OF THE CISCIE. 31 

feet, and the radius of tlie circle 12 feet, what is the ares 
of the segment ? 

The ^0 of the seg^ment contains 40-i- degrees. (Art. 28.) 
The area of the sector =61.89 (Art. 34.) 

The area of the triangle = ^54.54 

And the area of the segment = 7.35 square feet, 

3. What is the area of a circular segment, whose height 
is 19.3 and base TO ? Ans. 947.86. 

4. What 13 the area of the segment ADBP, (Fig. 9.) if 
the base AB be 195.7, and the height PD 169.5 ? 

Ans. 32272. 

86. The area of any figure which is bounded partly by 
arcs of circles, and partly by right lines, may be calculated, 
by finding the areas of the segments under the arcs, and then 
the area of the rectilinear space between the chords of the 
arcs and the other right lines. 

Thus, the Gothic arch ACB, ^ 

contains the t^ 
ACH, BCD, and the plane tri- 
angle ABC. 

Ex. If AB be no, each of 
the lines AC and BC 100, and 
the height of each of the seg- 
ments ACH, BCD 10.435 ; " 
ivhat is the area of the whole figure ? 

The areas of the two segments an 
The area of the triangle ABC is 
And the whole figure is 
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Phoblem VII. 
To find the area of a circular zone. 




If from t!ie wliole circle there be talien the two 
ABC and DFH, there will remain 
the zone ACDH. 

Or, the area of the zone may he 
found by subtracting the segment 
ABC from the segment HBD i Or, 
by iwlding the two small segments 
GAH and VDC, to the trapezoid 
ACDH. {See Art. 36.) 

Tile latter method is rather the 
most eipeditioua in practice, as the twi 
of the zone are equal. 

Ex. 1. What is the area of ihe zone ACDH, if AC i 
?.76, DH 6.93, and the diameter of the circle 8 ? 

The area of the whole circle is 50.26 

of the segment ABC 17.32 

of the segment DFH 9.82 

of the zone ACDH 23.12 



(gments at the end 



2. What is the area < 
and the other side 20.8, 



zone, one side of which is 23.25 
a circle whose diameter Is 24 ? 
Ans. 208. 



38- If the diameter of the circle is not given, it may be 
found from ihe sides and tlie breadth of the zone. 

Let the centre of the circle he at 0. Draw 05f perpen- 
dicular to AH, NM perpendicular to LB, and HP perpen- 
dicular to AL. Then, 
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AN=iAH, (Euc. 3. §.)* MiSr=i(LA+EH) 
LM=iLE, (Euo. 2. 6.)f PA=.LA-~EH. 

The triang-les APH and OMN are similar, because the 
sides of one are perpendicular to those of the other, each to 
each. Therefore, 

PH : PA ; ; MN" : MO 



MO being found, i 



e ML— MO=OL. 



And the radius CO=vOL'+CL'. (Euo. 4:1. l.)I 
Ex. If the breadth of the zone ACDH (Fig, 12.) he 6.4, 
and the sides 6,8 and 6 ; what is the radius of the circle 1 

PA=3.4— 3=0.4. And, M?f=i{3.4+3)=3,2. 

Then, 6.4 : 0,4 : : 3.2 : 0.2=MO. And, 3.2— -0.3=3=OL 

And the radius 0O=V3H(3.4)''=4.534. 

Problem VIII. 



To find the 

39. Find 
ake bbtwees the asos o 

If the segment ABC, 
taken from, the segment ABD 
there will rema: 
crescent ACBD. 

Ex. If the chord AB be 88 
the height CH 20, and thi 
height DH 40 ; what 



ofa^. 



G or erescent. 

E TWO SEGMSNie WHICH 




the 



a of the crescent ACBD ? 

The area of the segment ABD is 3698 

of the segment ABC 1220 

of the crescent ACBD 1478 



• Thomson's Legendre, 6, 2. t Ibid, 15. 4. J Ibid. ] 
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. o/ a RiNo, included between the periplie- 
ries of two concentric circles. 



Or, 




Multiply the product of the sum and difference of the two 
diameters by .'ISS^. 

The area of the ring is evidently equal to the difference 
between the areas of the two cir- j, 

eles AB and A'B'. 

But the area of each circle is equal 
to the square of its diameter multi- 
plied into .7854. (Art. 30.} And 
the differenceoi these squares is equal 
to the product of the sum and dif- 
ference of the diameters. (Alg. 191.) Therefore the area of 
the ting is equal to the product of the sum and difference 
of the two diameters multiplied by .7854. 

Ex. 1. If AB be 221, and A'B' 106, what is the area of 
the ring? Ans. (22FX.T854)— (l06'X.'i'8o4)=29535. 

2. If the diameters of Saturn's larger ring be 305,000 
and 190,000 miles, how many square miles are there on one 
side of the ring t 

Ans. 395000Xl5OO0X.'i'864=4,653,495,00O. 



Ex. 1. What is the expense of paving a street 20 rods 
ong and 2 rods wide, at 5 cents for a square foot ? 

Ans. 6441- dollars. 
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2. If an eqtiilateral triangle contains as many square feet 
aa there are inches in one of its sides ; what is the area of 
the triangle ? 

Let ii:=the number of square feet in the area. 
Then---=the number of linear feet in one of the sides. 

A„a,(A,l.n.),=j(iyxv>=j:lxV3. 

Reducing the equation, 3;=_=332.55 the area. 
V3 

3. What is the side of a square whose area is equal to that 
of a circle 453 feet in diameter ? 

Ans. V(462)?X-T854=400,ST4. (Arts. 30 and 7.) 

4. What ia the diameter of a circle which is equal to a 
square whose side is 36 feet ? 

Ans. V(30)"-f-b.78o4=4O.6217. {Arts. 4 and 32.) 

B. What is the area of a square inscribed ia a circle whose 
diameter is 132 feet ? 

Ans. 8*712 square feet. (Art. 33,) 

6. How much carpeting, a yard wide, will be necessary to 
cover the floor of a room which is a regular octagon, the 
sides being eight feet each ? Ans. 34i yards. 

7. If the diagonal of a square be 16 feet, what is the 
area? Ans. 128 feet. (Art. U.) 

8. If a carriage-wheel fonr feet in diameter revolve 300 
times, in going round a circular green ; what is the area of 
the green ? 

Ans, 4154f sq, rods, or 25 acres, 3 qrs. and 34^ rods. 

9. What will be the expense of papering the sides of a 
room, at 10 cents a square yard; if the room be 21 feet long. 
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18 feet broad, and 12 feet higii ; and if there be deducted 3 
windows, each 5 feet by 3, two doors 8 feet by 4J, and one 
fire-place 6 feet by H ? Ans. 8 dollars 80 cents. 

10. If a circular pond of water 10 rods in diameter be 
surrounded by a gravelled walk 8i feet wide ; what is the 
are^ of the walk? Ans. 16^ sq. rods, (Art. 40.) 



11. If CD, the base of tlie 
isosceles triangle VCD, be 60 
feet, aud the area 1200 feet; 
and if there be cut off, by the 
line LG parallel to CD, the tri- 
angle VLG, whose area is 432 
feet ; what are the sides of the 
latter triangle ? 

Ans. 30, 30, and 36 feet. 



12. What is the area of an equilatei'al triangle inscribed 
in a circle whose diameter is 52 feet ? 

Ans. 8T8.15 sq. ft. 

13. If a circular piece of land is inclosed by a fence, in 
which 10 rails make a rod in length ; and if the field con- 
tains as many squai'e rods, as there are rails in the fence ; 
what is the value of the land at i 20 dollars an acre ? 

Ans, 842.48 dollars. 



14. If the area of the equilat- 
eral triangle ABD be 219.5375 
feet ; what is the area of the cir- 
cle OBDA, in which the triangle 
is inscribed? 

The sides of the triangle are each 
22.5167. (Art. 11.) 

And the area of the circle is 
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15. If 6 concentric circles, are so drawn, that the space 
between the least or 1st, and the 2d ia 21.2068, 

between the 2d and the 3d ia 35.343, 

between the 3d and the 4th is 49.4802, 

between the 4tli and the 5th is 63.8174, 

between the 5th and the 6th is 7'r.T546; 

what are the several diameters, supposing the longest to be 

equal to 6 times the shortest ? 

Ans. 3, 6, 9, 13, 15, and 18. 

16. If the area between two concefitric circles be 1202.64 
square inches, and the diameter of the lesser circle be 19 
inches, what is the diameter of the other ? 

17. What is the area of a circular segment, whose height 
is 9, and base 24? 



SECTION IIJ. 

SOLIDS BOUNDED BT PLANE SUE FACE 8. 

Aai. 41. DB¥iNmos I. A prism is a solid bounded by 
plane figures or faces, two of which are parallel, similar, and 
equal ; and the others are parallelograms. 

II, The parallel planes are sometimes called the bases or 
ends; and the other figures the sides of the prism. The 
latter taten together constitute the latercd stir/ace. 

III, A pri m I'! tijhl or i^l qw according as the sides aie 
perpendiculai or oblique to the biaes 

rV. The height of a prism is the perpendicular distance 
between the planes of the bise= In i i^ht pri ni there 
fore, the height is equal tj the length of one of the sides 

Y, A Parallelopiped la a prism whose bases aie parallelo 
grams. 
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VI. A Cube is a solid bounded by six equal sijunres. It 
is a right prism whose aides and bases are all equal. 

VII. A Pyramid is a solid bounded by a plane figure 
called the base, and several triangular planes, proceeding from 
the sides of the base, nnd all terminating in a single point. 
Tliese triangles taken together constitute the lateral surface, 

VIII. A pyramid is regular, if its base is a regular poly- 
gon, and if a line from the centre of the base to the vertex 
of the pyramid is perpendicular to the base. This line is 
called the aatis of the pyramid, 

IX. The height of a pyramid is the perpendicular distance 
from the summit to the plane of the base. In a regular pyr- 
amid, it is the length of the axis. 

X. Tlie slant-height of a regular pyramid, is the distance 
from the summit to the middle of one of the sides of the base. 

XI. A frustum or trunh of a pyramid is a portion of the 
solid neit the base, cut off by a plane parallel to the base. 
The height of the frustum is the perpendicular distance 
of the two parallel planes. The slant-height' oi a frus- 
tum of a regular pyramid, is the distance from the middle of 
one of the sides of the base, to tlie middle of the corres- 
ponding side in the plane above. It is a line passing on 
the surface of the frustum, through the middle of one of 
its sides. 

XII. A Wedge is a solid of five sides, viz. a rectangular 
base, two rhomboidal 

sides meeting in an 
edge, and two tri- 
angular ends ; as 
ABHG. The base 
is ABCD, the sides 
are ABHG and 
DCHG. meeting in 
the edge GH, and 
the ends are BOH and ADG, The height of the wedge is a 
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perpendicular drawn from any point ia' the edge, to the plane 
of the base, as GP. 

XIII. A Prismoid ia a solid whose ends or bases are par- 
allel, but not similar, and wbose sides are quadrilateral. It 
differs from a prism or a frustum of a pyramid, in having its 
ends dissimilar. It is a rectangular prismoid, wben its ends 
are right parallelograms. 

Xiy. A linear side or edgeol a solid is the line of intersec- 
tion of two of the planes which form the surface. 

42. The common measuring unit of solids is a cuU, whose 
sides are squares of the same name. The sides of a cubic 
inch are square inches ; of a cubic foot, square feet, &c. 
Finding the capacity, solidity* or solid contents of a body, is 
finding the number of cubic measures, of some given de- 
nomination contained ia the body. 

In solid measure. 
1V28 cubic inches =1 cubic foot, 
27 cubic feet =;! cubic yard, 
4492-1^ cubic feet =1 cubic rod, 
32768000 cubic roda =1 cubic mile, 
282 cubic inches =1 ale gallon, 
231 cubic inches =1 wine gallon, 
2150.42 cubic inches =1 bushel, 

1 cubic foot of pure water weighs 1000 
avoirdupois ounces, or 62J pounds. 

Problem I. 
To find the eouoan of a phism. 

43. MULMPLT THE AREA OP THB BA8B BY THE HEIGHT. 

This is a general rule, applicable to parallelopipeda 
whether right or oblique, cubes, triangular prisms, &c. 

• See note A, 
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iO 



I b\ comparing them with a right 
^parallelogram (Ait J) bo soMs aie measured by com- 
paring them with i nghLjfarallelopped 

If ABCD be the li e of a light j, a 

parallel opiped, as a «tn,k <! timbei 
standing erect, it is evident that the 
number of eubic feet coQtained la o e 
foot of the height is equal to the 
number of square feet m the aiea ut 
the base. And if the solid be of an} 

other height, inateid of one loot the contents must have tie 
same ratio Foi parallplopipeds rf the sane bise are to 
each othei as their heights (Sup Eue fi 3 )* The solidity 
of a right parallelepiped therefoie is equal to tl e pi'oducl 
ofiUUnffth,hieadth anl thtelness See Al^ 897 

And an obhque parallelopiped being pjuiI to a right one 
of the same base and altitude (Sup Euc 1 3)f is equal to 
the area of the base m iltiplied mto the perpei dicular height. 
This is true also of p ii whate^ei be tl e toim of their 
bases. (Sup. Euo. 2. Cor. to 8, 3. Thomson s Legendre, 13. 1.) 

44. As the sides of a cube are all equal, the solidity is 
found by cubing one of its edges. On the other hand, if the 
solid contents be given, the lengtli of the edges may be 
found, by extracting the cube root. 

45. When eolid measure is cast by Duodecimals, it is to 
be observed that inches are not primes of feet, but thirds. 
If the unit is a cubic foot, a solid which is an inch thick and 
a foot square is a prime ; a parallelopiped a foot long, an 
inch broad, and an inch thick is a second, or the twelfth part 
of a prime ; and a cubic inch is a third, or the twelfth part 
of a second. A linear inch is I'f of a foot, a squai'e inch tJ? 
of a foot, and a cubic inch iVs's of 'i foot. 



* Thomson's Legendre, 9, 7. 



t Ibid,, 1. 7. 
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Ex. I, What are the solid contents of a stick of timber 
which is 31 feet long, 1 foots inches broad, and, 9 inches 
thick? Ads, 29 feet 9", or 29 feet 108 inches. 

2. What is the solidity of a wall which is 22 feet long, 13 
feet high, and 2 feet 6 inches thick ? 

Ans. 660 cubic feet. 

3. What is the capacity of a cubical vessel which is 2 feet 
3 inches deep '! 

Ans. 11 r. i' 8" 3,'", or 11 feet 675 iuohea. 

i. If the base of a prism he 108 square inches. Mid the 
height 36 feet, what are the solid contents ? 

Ans, 27 cubic feet. 

5. If the height of a square prism be 2^ feet, and each 
Bide of the base 10-^ feet, what is the solidity ? 

The area of the base = lO^xiOi— lOefsq. feet. 
And the solid contents=106fx 2|=24I)-J- cubic feet. 

6. If the height of a prism be 23 feet, and its base areg- 
ular pentagon, whose perimeter is 18 feet, what is the so- 
lidity ? Ans. 513.84 cubic feet. 

46. The number of gallons or bushels which a vessel will 
contain may be found, by calculating the capacity in ijiches, 
and then dividing by the number of inches in 1 gallon or 
bushel. 

The weight of water in a vessel of given dimensions is 
easily calculated; as it is found by experiment, that a cubic 
foot of pure water weighs 1000 ounces avoirdupois. For 
the weight in ounces, then, multiply the cubic feet by 1000 ; 
or for the weight m pounds, multiply by 62-J-. 

Ex. 1. Hpw many ale gallons are there in a cistern which 
is 11 feet 9 inches deep, wd whose base is 4 feet 2 inches 
square? 
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The cistern contains 352500 cubic inches ; 
And 352500-=- 282=1250. 

2. How many wine gallons will fill a ditcli 3 feet 11 inches 
■wide, 3 feet deep, and 462 feet long 1 Ans. 40608. 

8. WJiat weight of water can he put into a cubical vessel 
4 feet deep ? Ans. 4000 lbs. 

Peoblem II. 
To find the lateral suefacb of a bight prism. 
47. Multiply thb lenrth into i 



Each of the sid f th p gl t j IJ I g m 

whose area is the p d t f t 1 th d 1 dtl B t 

the breadth is one d f th b d tl f tl m 

of the breadths is eq 1 1 th j m t f th bas 

Ex. 1. If the bas f git in be g 1 1 

agon whose sides 12ft8iiih dttl h ght 

be 16 feet, what is th<, lateral surface . 

Ans. 216 square feet. 

If the areas of the two ends be added to the kteral sur- 
face, the sum will be the whole surface of the prism. And 
the superficies of any solid bounded by planes, is evidently 
equal to the areas of all its sides. 

2. If the base of a prism be an equilateral triang;Ie 
whose perimeter is 6 feet, and if the height be 17 feet, what 
is the surface ? 

The area of the triangle is 1.733. {Art. 11.) 

And the whole surface is 105.464. 
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of a f TKAMID. 
THE BASE INTO i OF THH 



48. Multiply the area 

HEIGHT. 

The solidity of a j>risni is equil to the product of the 
area, of the base into the heij^'ht (Art 43 ) And a pTiamid 
is -^ of a prism of the sime hase ^nd altitud« (Sup Euo. 
15, 3. Cor. 1 }* Therefoie the solidity of a p(ianiid 
whether right or ohliqne is equal to the pioduct of the base 
into -^ of the peipendiculni height 

Ex. 1, What la the solidity of a tnangular pyramid, 
whose height is 60, and each side of whose base is 4' 

The are^ of the bise is 6 928 
And the solidity is 138.58. 

2. Let ABC be one side of an oblique 

pyramid whose base is 6 feet square ; 

let BC be 20 feet, and make an angle 

of 70 degrees with the plane of the 

base ; and let CP he perpendicular to this 

plane. What is the solidity of the pyr- 
in the right angled triangle BCP, (Trig. 134.) 

R : BC:;sinB::PC=18.79. 
And the solidity of the pyramid is 225.48 feet: 

3. What is the solidity of a pyramid whose perpendicular 
height is 72, and the sides of whose base are 67, 54, and 
40? Ans. 25020. 




* Thomson's Legendre, 15 and 18. 7. 
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To find tke LATKRAL 
49. Multiply balp t 



of a BliOtlLAR PYRAMID. 

-HEIOHT INTO S6k pemm- 




Let ithe triangle ABC be ono of 
the sides of a regular pyramid. As 
the sides AC and BC are equal, the 
angles A and B are equal. Therefore 
a line drawn from the vertex C to the 
middle of AB is perpendicular to AB. 
The area of the triangle is equal to ■* ^ ^ 

the product of half this perpendicular into AB. (Art, 8) 
The perimeter of the base is tlie sum. of its sides, each of 
which is equal to AB. And the areas of all the equal tri- 
angles which constitute the lateral surface of the pyramid, 
are together equal to the product of the perimeter into half 
the slant-height CP. 

The slant-height is the hypothenuse of a right angled tri- 
angle, whose legs are the axis of the pyramid, and the dis- 
tance fi'om the centre of the hase to the middle of one of the 
sides. See Def. 10. 

Ex. 1. What is the lateral surface of a regular hexagonal 
pyramid, whose axis is 20 feet, and the sides of whose base 
are each 8 feet ? 

The square of the distance from the centre of the base to 

one of the sides. (Art. 16.)=48. 
The slant-height (Euc. i1. I.)*=v48-i-(20)'=21.16 
And the lateral surface=21. 16X4X6=507. 84 sq, feet, 
2, What is the whole surface of a regular triangular pyr- 
• Thomson's Legenilre, 11. 4. 



Hosiecb, Google 



I OF soLros. 



amid irhoae a 
20.78 ? 



s 8, and tke sides of wliose base are each 

The lateral surface is 312 

The area of the base is 187 

And the whole surface is 499 

3. What is the lateral surface of a regular pyramid 

whose axis is 13 feet, and wliose base is 18 feet square ? 

Ans. 540 square feet. 

The lateral surface of an ohlique pyramid may be found, 
by taking the sum of the areas of the unequal triangles 
which form its sides. 





Problem V. 


To find the SOL 


DiTY of a FRD8T0M of a pt/mmU. 


50 Add togethb 


THE AREAS OP THE TWO ESDS, AKD 


THE SQUARE ROOT 01 


THE PRODTJCT Off THESE AREAS J AWD 


MVLTieir THE SUM 


r f OF THE PBBPiSh-mOULAR IIEIftHI 



Let CD&L be a vertical 
section, through the middle 
of a frustum of a right pyr- 
amid CDV, wliose base is a 
square. 

Let OD=a, LG=i, RS"=A. 
By similar triaoigles, 
LG : CD : : RT : NV. 

Subtracting the antecedents, (Alg. 349,) 
LG : CD— LG : : RV : NV— EV==EN. 
_RNxLa_ hi 
^CD— LG-~o— 6 



/ 

/ 


\ 




/T 




\ 









Therefore Ry= 



Hosiecb, Google 



46 



mESSDBATIOH" OF SOLJDa. 



The sqTiare of CD is the base 
of the pyramid CDV ; 

And the square of LG is 
the base of the small pyr- 
amid LGV. 

Therefore, the solidity of 
the larger pyramid (Art. 





\ 




/ 

/ 




\ 

\ 



CD.Xi(KIf+ET,=,-xi(,.+-^J=5^ 
And the solidity of the smaller pyramid is equal to 

Za — 36 3a — 36 

If the smaller pyramid be taken from the larger, there 
will remain the frustum CDLG, whose solidity is equal to 

^^Z:^^^hx''^^ihXia'+ah+i\) {AIg.194. a.) 
3n — 85 a — 6 

Or, because Va^=a&, (Alg. 210. a.) 

Here h, the height of the frustum, is multiplied into a 
and i', the areas of the two ends, and into Va'i^ the square 
root of the products of these areas. 

In this demonstration the pyramid is supposed to be 
square. But the rule is equally applicable to a pyramid of 
any other form. For the solid contents of pyramids are 
equal, when they have equal heights and bases, wliatever be 
tbejigure of their bases. (Sup. Euc. 14. 3.)* And the sec- 

» Thomson's Legcndre, U. 7. 
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. tions parallel to the bases, and at equal distances, are equal 
to one another. (Sup. Euo. 12. 8. Coi'. 2.)* 

Ex, 1, If one end of the frustum of a pyramid be 9 feet 
square, the other end 6 feet square, and the height 36 feet, 
what is the solidity ? 

The areas of the two ends are 81 and 36. 

The square root of their product is 54. 
And the solidity of the fnistum=(81+36+54}xl3=2052. 

3. If the height of a frustum of a pyramid be 24, and 
the areas of the two ends 441 aad 121 ; what is the solid- 
ity? -Ajis. 6344, 

3. If the height of a frustum of a hexagonal pyramid he 
48, each side of one end 26, and eaeh side of the other end 
16; what is the solidity ? Ans. 56034. 





Problem VI. 


To find Ike lAiEr 


pyramid. 


51. MuLTirtY I 


ALF THE SlANT-BEIGei 


THE PERIMETBHS 01 


TUB TWO ENDS. 



Each, side of a frustum of a regular pyrar 
as ABCD. The slant-height HP, (Def, 
11. )■ though it is oblique to the base of 
the solid, is perpendicular to the line AB, 
The area of the trapezoid is equal to the 
product of half this perpendicular into 
the Bjwn of the parallel sides AB and DC. 
(Art. 12.) Therefore the area of all the 
equal trapezoids which form the lateral 
surface of the frustum, ia equal to the 

• ThomsDn's Legendre, I3. 7, Cor. 
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product of half the slant-heiglit into the sum of the peri- 
meters of the ends, 

Ex. If the slant-height of a frustum of a regular octag- 
onal p3Tamid be 42 feet, ttie sides of one end 5 feet each, and 
the sides of the other end 3 feet each ; what is the lateral 
surface? Ans. 1344 square feet. 



/ 


X 


17 


/ 

/ 




\ 









S2. If the slant-height be 
from the perpendicular 
height and the dimensions 
of the two ends. Let GD 
be the slant-height of the 
frustum ODGL, RST ov GP 
the perpendicular hdght, 
ND and RG the radii of the 
circles inscribed in the pe- 
rimeters of the two ends, 
Then, PD is the difference of the two radii : 



And the slant-height GD = v(GP''+PD'; 



Ek, If the petpendtoular height 
of a frustum of a rigulai hevagonal 
pyramid be 24 the sides of one end 
13 each, and the sides of the other 
end 8 each; what is the is hole sui 



not given, it may be obtained 




V(BC'— BP')=CP, that is, V{13=— 6.5") =11.25 ( 

And V~=— 4' = 6.92( 

The difference of the two radii is, therefore 4.33 

Theslant-height=V(24'+4.33=)=24.8875. 
The lateral surface is 1536.4 

And the whole surface, 2141. V5. 
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MEKSURATION OP 80UDS, 49 

The height of the whole pyramid may be calculated from 
the dimensions of the frustum. Let VN (Pig. IT.) be the 
height of the pyramid, RW or GP the height of the frus- 
tum, ND and KG- the radii of the circles inscribed ia the 
perimeters of the ends of the frtistum. 

Then, in the similar triangles GPD and VKD, 

DP : GP : : DB" : VN", 

The height of the fnistum subtracted from VN, gires VR 
the height of the small pyramid VLG. The solidity and 
lateral sUrface of the frustum may then be found, by sub- 
tracting from the whole pyramid, the part which is above 
the cutting plane. This method may serve to verify the cal- 
culations which are made by the rules in Arts, 50 and 61. 

&. If one end of the frustum CD GL (Fig. 17.) be 90 feet 
square, the other end 60 feet square, and the height EN 36 
feet ; what is the height of the whole pyramid VCD : and 
what are the solidity and lateral surface of the frustum ? 

DP=DN—GR= 45— 30:^15. And, GP=RN'=36. 

Then, 15 : 36 : ; 45 : 108=VN", the height of the whole 
pyramid. 

And, 108 — 36=72=:VE, the height of the part VLG. 

The solidity of the large pyramid is 291600 (Art. 48.) 
of the small p3Taniid 86400 
of the frustum CDGL 205200 

The lateral surface of the large pyramid is 31060 (Art. 49.) 
of the small pyramid 9360 
of the frustum llVOO 
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MBNSUHATION C 



Peoblkm VII. 

Tojind the solidity of a 



Let L = AB the 

length of the base. 
Leti=aHthe length 

of tho edge. 
Let &=BC the breadth 

of the base. 
Let ;i=PG the height 

of the wedge. 

Then, L— ;=AB- 




-GH=AM. 



If the length of the base and tlie edge be equal, as BM 
and GH, the wedge MBHG is half a parallelepiped of the 
same base and height. And the sohdity (Art. 43.) is equal 
tohalftlie product of the heiglit, into the length and breadth 
of the base ; that is ^ bid. 

If the length of the base be greater than that of the edge, 
as ABGH ; let a section be made by the plane GMN, par- 
allel to HBC. This will divide the whole wedge into two 
parts MBHG and AMG. The latter is a pyramid, whose 
BoKdity (Art. 48.) is \ bkx{h—l) 

The solidity of the parts together, is, therefore, 
ibM+^hX{lr~l}=ibh3l+ibh2L—ibh2l=ihkx{2L-i-l) 

If the length, of the base be less than that of the edge, it 
is evident that the pyramid is to be subPracted from half the 
parallelopiped, which is equal in height and breadth to the 
wedge, and equal in length to the edge. 
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The solidity of tlie wedge is, therefore, 

ihhl—ibkx{l—l-)=if'kSl—ibh2l+ihkih^ibhx('^^+l) - 

Ex. 1. If the base of a wedge be 35 by 15, the edge 65, 
and the perpendicular height 12.4 ; what is the solidity 1 

Ana. (70+55)xH25H^=3875. 

2. If the base of a wedge be 21 by 8, the edge 36, and 
the perpendicular height 42 ; what is the solidity? 

Ans. 5040. 



PaOBLEM VIII. 

To find the SOLIDITY of a, rectangulm 

55. To THG AREAS OP THE TWO ENDS, 




Let L and B be the length and 

breadth of one end. 
Let I and b be the length and breadth 

of the other end. 
Let M and m he the length, and 

breadth of the section in the middle. 
And A be the height of the pris- 

The solid may be divided into two wedges whose bases are 
the ends of the prismoid, and whose edges are L and I. The 
solidity of the whoie, by the preceding article is, 
+5ftx{2L+0+J5ftX(2i+L)=JA(2BL4-BZ+2W+6L) 
As M is equally distant from L and I, 
2M=L+Z, 2m=B +6, and 4 Mra=(L+0(B +6)=BL+Bi+ 
IhL+lb. 
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Substituting 4 Mm for its value, in the preceding ex- 
pl'ession for the solidity, we have 

■J-/*{BL+6/+4Mm) 

That is, the sohditj of the pusmoid is pquil to -J- ' t the 
height, multiphed iuto the aieas of thi, two ends, ind 4 
times the area of the section in the middle 

Tliis rule may be applied to prismoids o£ ottiPi loims 
For, whatever be the figure ot the two ends theie mij be 
drawn in each, such a numbei of small rectangles, that the 
sum of them shall differ less, than by any gnen quantify, 
from the figure in which they are ccntamed And the solids 
between these rectangles will be rectnngulai prismuids. 

Ex. 1, If one end of a rectangulai- prismoid be 44 feet by 
23, the other end 36 by yi, and the perpendicular height 
73 ; what is the solidity ? 

The area of the krger end =44X23=1013 
of the smaller end =36X21= 756 
of the middle section =40X22= 880 
Andthesolidity=(1013+T56+4X880)xi2=e3456 feet. 

2. What is the solidity of a stick of hewn timber, whose 
ends are 30 iacbea by 37, and 24 by 18, and whose length 
is 48 feet? Ans. 204 feet. 

Other solids not treated of in this section, if they be 
boimded by plane surfaces, may be measured by supposing 
them to be divided into prisms, pyramids, and wedges. And, 
indeed, every such solid may be considered as made up of 
ti'ianguiar pyramids. 
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MENSURATION OF REOCLAR SOLIDS. 

THE FIVE REGULAR SOLIDS. 

SOLID 13 8AID TO BE BEOULAB, W£ 



BOUD ANOLES ARE EQUAL, . 



The following figures are of this d&. 


^cription ; 


I. The Tetraedron, 

I. The Hexaedran, or cube, , 

t. The Ocfaedmn, . , 

I. The Dodec<iedr<m, 

i Ihe/" aed 


' four triangles ; 

■ eight triangles ; 

twelve pentagons; 
. twenty triangles.* 


Be de 1 e five there can be no otlier regular solids, 
rj nly plan figures which caa form such solids, are tri- 



angles qua sad pentagons. For the plane angles which 
c n a n any s 1 \ angle, are together less than four right an- 
gl 3 (8 p. Euo. 21, 2.) And the least number 

which can form a solid angle is three. (Sup. Euo. Def. 8, 2.) 
If they are angles of equilateral Mangles, each is G0°. The 
sura of three of them is 180°, of four 240°, of j«we 300°, and 
of six 360°. The latter number is too great for a solid angle. 

The angles of squares are 90° each. The sum of three of 
these ia 270°, of four 360°, and of any other greater number, 
still more. 

The angles of regvUar pentagons are 108° each. The sum 
of three of them is 324° ; of four, or any other greater num- 
ber, more than 360°. The angles of all other regular poly- 
gons are still greater, 

In a regular solid, then, each solid angle must be con- 
tained by three, four, or five equilateral triangles, by three 
squares, or by three regular pentagons. 

• For the geometrical construction of these solids, see Legendre'a 
Geometry; Appendix b) Books VI, and VII., or Thomson's Legeitdre, 
p. 214. 
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64 MEKBORATIOB' OF REGrLAft SOLIDS. 

5'7. As the sides of a regular solid are similar and equal, 
and the angles are also alike ; it is evident that the sides 
are all equally distant from a central point in the solid. If 
then, planes be supposed to proceed from the several edges 
to the centre, they will divide the solid into as many equal 
pyramids, as it has sides. The base of each pyramid will be 
one of the sides ; their oominon vertex will be the central 
point ; and tlieir height will be a perpendicular from the 
centre to one of the sides. 



5S. Multiply th 
NUMBER OS SIDiaS. 



As all the sides are equal, it is evident that the area of 
one of them, multiplied by the number of sides, will give the 
area of the whole. " 

Or, if a taile is prepared, containing the surfaces of the 
several regular solids whose linear edges are unity ; this may 
be used for other regular solids, upon the principle, that the 
areas of similar polygons are as the squares of their homolo- 
gous sides. (Buc. SO. C.)* Such a table is easily formed, by 
multiplying the area of one of the sides, as given in Art. 17, 
by the number of sides. Thus, the area of an equilateral 
triangle whose side is 1, is 0.4330127. Therefore, the sur- 
face 

♦ Thomson'K Legenilro, 27. t 
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Ofaregulartetraedron=.433012'7x4 =1.7320508. 
Of a regular octMdron =.4530127X8 =3.4641016. 
Of a regular icosaedron =.4330127X20=8.6602540. 

See the table in the following article. 

Ex. I. What is the surface of a regular dodecaedroji whose 
edges are each 25 inches ? 

The area of one of the sides is 1075,3 
And the surface of the whole solid =1075.3X12=12903.6. 

2. What is the surface of a regular icosaedron whose 
edges are each 102? Ans. 90101.3. 



Problem X. 




Tojind the soLiDiiy o/ a regular solid. 


59. Multiply the suefaob by i of tb 


IE PERPBNDICOLAK 


DISTANCE FROM THE CENTRE TO OHB OS' 1 


■HE SIDES. 


Or, 




Multiply the cube of one of thj 


3 EDGES, BY THE 


SOLIDITY OP A SIMILAR SOLID WHOSE EDOJ 


3S ABE 1. 



As the solid is made up of a number of equal pyramids, 
whose bases are the sides, and whose height is the perpendic- 
ular distance of the sides from the centre (Art. 57.); the 
solidity of the whole must be equal to the areas of all the 
sides multiplied into ■} of this perpendicular. (Art. 48.) 

If the contents of the several regular solids whose edges 
are 1, be inserted in a table, this may be used to measure 
otlier similar solids. For two similar regular solids contain 
the same number of similar pyramids ; and these are to each 
other as the cubes of their linear sides or edges. (Sup. Euc. 

» Thomson's Legencire, 20, 7. 
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S THE CYLINDER. 



Nflmea. 


Ko. of sides. 


Burdice!. 


SolidUies. 


Tetraedroii 

Hexaedron 

Octaedron 

Dodecaedi-on 

Icosaedi'on 


4 
■6 
8 
12 
30 


1.7320608 
«.0000000 
3.4641016 
20,6457288 
8.6602540 


0,1178513 
1.0000000 
0.4714045 
7.6631189 
2.1816S50 



For the method of catciiliiting the last column of this table, 
iee Huttoa's Mensuration, Part. III. See. 2. 



Ex. What is the solidity of a 
jdgcs are eath 32 inches "! 



gular octaedron whose 
Ans. 15447 inches. 



SECTION IV. 



I SPHERE. 



Art. 61. Defihition I. A right cylinder {& a solid de- 
scribed by tiie revolution of a rectangle about one of its 
sides. The ends or bases are evidently equal and parallel 
circles. And the aan,s, which is a line passing through the 
middle of the cylinder, is perpendicular to the bases. 

The ends of an oblique cjJiiider are also equal and paral- 
lel circles ; but they are not perpendicular to the axis. The 
heiffhi of a cylinder is the perpendiciilar distance from one 
base to the plane of the other. In a rigbt cylinder, it is the 
length of tlie axis. 

II. A right cone is a solid described by the revolution of 
a right angled triangle about one of the sides which contain 
the right angle. The base is a circle, and is perpendicular to 
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67 
(he'axis, which proceeds from the middle of tlie hase to the 

The base of an oblique cone is also a circle, hut is not per- 
pendicular to the axis. The height of a cone is the perpen- 
dicular distance from the vertex to the plane of the base. In 
a right cone, it is the length of the axis. The dant-keighl 
of a right cone is the distance from the vertex to the circum- 
ference of the base, 

III. A frustum of a cone is a portion cut off by a plane 
parallel to the base. The height of the 
frustum is the perpendicular distance of 
the two ends. The slant-height of a 
frustum of a right cone, is the distance 
between the peripheries of the two 
ends, measured on the outside of the \ / 

solid ; as AD. \ / 

IV, AspAweorpJofieisasolid which \/ 
has a centre eciually distant from every 

part of the surface. It may be described by the revolution 
of a semicircle about a diameter, A radius of the sphere is 
a line drawn from the centre to any part of the surface. A 
diameter is a line passing through the centre, and terminated 
at both ends by the surface. The cireumfermee in tlie same 
as the circumference of a circle whose plane passes through 
the centre of the sphere. Such a circle is called a great 
circle. 

V. A segment of a sphei 
The heiffkl of the segment is a per- 
pendicular from the middle of the 
base to the convex surface, as LB. 

VI, A spAeractti gone or frustum is 
a part of the sphere included be- 
tween two parallel planes. It is 
called the middle zone, if the planes 
are equally distant from the centre. 



part out off by any 
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MENSURATION ( 



e is the distaace of the two planes, as 



The Mgkt of a 
LR.* 

VII. A spherical sector is a solid produced by a circular 
sector, revolving in the same maaner 

as the semicircle which describes the 
whole sphere. Thus a spherical sec- 
tor is described by the circular sec- 
tor ACP or GCE revolving on the 
axis CP. 

VIII. A solid described by the 
revolution of any figure about a fixed 
aiis, is called a solid of revolution. 




Tojmd the convex 

G2. MOLTIPLT THE LEI 



IIOHT CrUNOSR. 

i CjnCUMFEHENOB (. 



If aright cylinder be covered with a thin substs.nce like 
paper, which can be spread out into a plane ; it is evident 
that the plane will be a parallelogi-am, whoso length and 
breadth will be equal to the length and circumference of tlie 
cylinder. The area must, therefore, be equal to the length 
multiplied into the circumference. (Art. 4.) 

Ex. 1. What is the convex surface of a right cylinder 
which is 42 feet long, and 35 inches in diameter ? 

Aiss. 42X1-25X3.14159 = 164.933 sq. feet. 



2. What is the whole surface of a 
s 3 feet in diameter and 36 feet long ? 



t cylinder, which 



» According to some writers, a spherical segmeiU is either a solid 
which is cut off from the aphere by a siogle plane, or one which is in- 
cluded between two planes; atiii a sone is the stirface of eithar of these. 
In this sense, the term zone is commonly used in geography, 
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MEN SCR ATI ON 




' THE 


CYUNDBH. 


The CO 


mvex surface is 










226.1945 


Thear 


ea of the two ei 


Ida 


(Art. 


so; 


>is 


0.2832 


The whole surface is 










232.4'777 



3. What is the whole surface of a right cylinder whose 
axis is 82, and circumference 71 ? Ans. 6624.32. 

63. It will be observed that the rules for the prism and 
pyramid in the preceding section, are substantially the same, 
as the rules for the cylinder and cone in this. There may be 
some advantage, however, in considering the latter by them- 
selves. 

In the base of a cylinder, there may be inscribed a poly- 
gon, which sliall differ from it less than by any given apace. 
(Sup. Euc. 6. 1. Oor.)* If the polygon be the base of a 
prism, of the same height as the cylinder, the two solids 
may differ less than by any given quantity. In the same 
manner, the base of a pyramid may be a polygon of so many 
sides, as to differ less than by any given quantity, from the 
base of a cone in which it is inscribed. A cylinder is there- 
fore considered, by many writers, as a prism of an infinite 
number of sides ; and a cone, as a pyramid of an infinite 
number of sides, (For the meaning of the term "infinite," 
when used in the mathematical sense, see Alg. Sec. XV.) 

PaOBLEM II. 
To find the soLinirY of a cylinder. 

64. Multiply thb area of the base by the heioht. 

The solidity of a -parillelopiped is equal to the product of 
the base into the perpendicular altitude, {Art, 43.) And a 
parallelo piped and a cylinder which have equal bases and 
altitudes are equal to each other. (Sup, Euc, 17. 3,)j- 

* Thomson's Legendte, 9. 5. f Ibid., 3. 8, 
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Ks. 1. "Wliat is the solidity of a cylinder, wliose height is 
121, and diameter 45.2 ? 

Ans. 45.2"X.7854X 121 = 194156.6. 

2. What is the solidity of a cylinder, whose teiglit is 424, 
and circumference 213? 'Ans. 153083Y. 



3. If the side AC of an oblique 
cjlioder be 27, and the area of the base 
32.61, and if the side make an angle 
of 62° 44' with the base, what is the 
solidity ? 

R : AC : : sin A ; BC=24 the per- 
pendicular height. 
And, the solidity, is '782.64. 



4, The Winchester bushel is a hQl!owoylinder,-18^inch^. 
n diameter, and 8 inches deep. What is its, capacity ? 
Theareapf thebase=:(18.5)''X.';853982=268.8025. 
And the capacity is 3150.43 cubic inches. See the 
table in Art, 42. 




To find the convex, si 
65. Multiply , half the 



TrHEIiSHT : 



If the convex surface of a right cone be spread onf into a 
plane, it will evidently form a sectw of a circle whose, radius 
is equal to the slant-height of the cone. But the area of the 
sector is equal to the product of half the radius into the 
length of the arc. (Art. 34.) Or if the cone be considered 
as a pyramid of an infinite number of sides, its lateral sur- 
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MENSURATION OF THE CONE. 61 

face is ec[ual to the product of half the slant-height into the 
perimeter of the base. {Art. 49.) 

Ex. 1. If the slant-height of a right cone be 82, and the 
diameter of the base 24, what is the convex surface 1 

Ans. 41X24X3.14159=3091.3 squaro feet, 

2, If the axis of a right cone be 48, and the diameter of 
the base 72, what is the whole surface 1 



'+48'')=60. (Euc. 47. 1.) 



The slant-height ^i 

The convex surface is 6786 

The area of the base 4071.6 

And the whok surface 10857.6 

3. If the axis of a right cone be 16, and the circumfer- 
ence of the base 75.4 ; what is the whole surface ? 

Ans. 1206.4. 



Prod LEW lY. 
To find the solimty of a 



66. MuLi 



> \ < 



The solidity of a cylinder is equal to the product of the 
base into the perpendicular height. (Art. 64.) And if a cone 
and a cylinder have the same base and altitude, the cone is 
i of the cylinder. (Sup. Euc. 18. 3.)* Or if a cone be con- 
sidered as a pyramid of an infinite number of sides, the so- 
lidity is equal to the product of the base into -J of the height, 
by Art, 48. 

Ex. 1. What is the solidity of a right cone whose height 
is 663, and the diameter of whose base is 101 ? 

Ana. iOr'X-7854X321=1770622. 

• Thomson'a Legendre, 4. 8. Cor. 
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2. If the axis of an oblique cone be 738, and make an 
angle of 30° witb-the plane of tlie base ; and if the circum- 
ference of the base be 355, what is the solidity ? 

Ans. 123353S. 

Problem Y. 
To find the convex surface of a prustum of a riffkt com. 
67. Multiply half the slant-height by the sum of 
the peripheries of the two ends. 

This is the vule for a frustum of a pyramid ; (Art. 51.) 
and is equally applicable to a frustum of a cone, if a cone be 
considered as a pyramid of an infinite number of sides. 
(Art. 63.) 

Or thus, 
Let the sector ABV represent the 
convex surface of a right cone, {Art. 
65.) aiid DCV the surface of a portion 
of the cone, cut off by a plane parallel 
to the base. Then wiO ABCD be the 
surface of the frustum. 
Let AB=«, DC=6, VD=rf, A3=h. % 

Then the area kViV=^ax{h-\-d)=iah-{-^ad. (Art. 34.) 
And the area J}GY=\hd. 
Subtracting the one from the other. 

The area ABDC=^A-|-iaii— ^i^. 

But d : d-\-k ::&:«. (Sup. Euc. 8. 1.)* Therefore ^ad~ 

^hd=-^hh. 

The surface of the frustum then, is equal to 

^h+ilh. or^Ax(« + 6) 

Legendre, 10. 5. Cor. 



nx^ "j^ 
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Cor. The surface of the frustum is equal to the product 
of the slant-height into the circumference of a circle which 
is equally distant from the two ends. Thus, the surface 
ABCD is equal to the product of AD into MN. For MN is 
equal to half the sum of AB and DC. 

Ex. I. What is the convex surface of a frustum of a right 
cone, if the diameters of the two ends be 44 and 33, and 
the slant-height 84 ? Ans. 10159.8. 

3. If the perpendicular height of a frustum of a right 
cone be 24, and the diameters of the two ends SO and 44, 
what is the whole surface ? 

Half the difference of the diameters is 18. 
And V r8"-|-"34'=30, the slant-height, {Art. 52.) 
The convex surface of the frustum is 5843 

The sum of the areas of the two ends is 6547 
And the whole surface is 12390 



To find the 

68. Add together the areas c 
leb squarb hoot of the prodtjot 
mulml'lt- the sum hv "j op 

This rule, which was given for the frustum of ^pyramid, 
(Art. 50.) is equally applicable to the frustum of a cone ; be- 
cause a cone and a pyramid which have equal bases and alti- 
tudes are equal to each other. 

Ex. 1. What is the solidity of a mast which is 73 feet 
long, 2 feet in diaRieter at one end, and 16 inches at the 
other? Ans. 174.36 cubic feet. 
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64 MEKSURATJOU OF THE SPHERE. 

2. "Wtat is tte capacity of a conical cistern whicli is 9 
feet deep, 4 feet in diameter at the bottom, and 3 feet at the 
top? Ana. 87.18 cubic feet=G52.16 wine gallons. 

8. H&w many gallons of ale can be put into a vat in the 
form of a conic frustum, if the larger diameter be 7 feet, the 
smaller diameter 6 feet, and the depth 8 feet ? 

Problem VII. 



sofa SPB£K£. 
69. MuLTIPLr THE DIAMETER BT IHE CIRCUMFBEENCB. 

Let a hemiaphere be described by the quadrant CPD, 
revolving on the line CD. Let 
ABbe the side of a regular poly- 
gon inscribed in the circle of 
which DBP is an arc. Draw AO 
and BN perpendicular to CD, 
and EH perpendicular to AO. 
Extend AB till it meets CD con- 
tinued. The triangle AOV, re- 
volving on OV as an axis, will 
describe a right cone. (Defin. 2.) 
AB will be the slant-height of a 
frmHm, of this cone extending ^ 

from AO to BN. From G the middle of AB, draw GM 
parallel to AO. The surface of the frustum described by 
AB. (Art. 67. Cor.) is eijual to 




ABx« 



-.QU* 



From the centre C draw CG, which will be perpendicular 
to AB, (Euc. 3. 3.) and the radius of a cirele inscribed in 



'c GM is meant the circumference of a circle tlie radius of 
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the polygon. The triangles ABH and CGM are similar, be- 
cause the sides are perpendicular, each to each. Therefore, 

HB or ON ; AB ; : GM : GC : : circ GM ; circ GO. 

So that OJfxci'™ GC=ABXcjV<; GM, that is, the sur- 
face of the frustum is equal to the product of ON the per- 
pendicular height, into eire GC, the perpendicular diatanoe 
from the centre of tlie polygon to one of the eides. 

In the same manner it may be proved, that the surfaces 
produced by the revolution of tlie lines BD and AP about 
the axis DC, are equal to 

NDXcirc GC, and COXcirc GC. 

The surface of the whole solid, therefore, {Euc. 1.3.) is equal to 

CDxwc GC. 

The demonstration is applicnble to a ^lolid pi Ddnced by 
tte revolution of a poljgon of any number jf sides But a 
polygon may be supposed which shall differ less than by 
any given quantity fitm the i.ncle in which it is inscribed , 
(Sup. Euc. 4. I )■'" ^nd in which the peipt,ndn,uHr GC shall 
differ less than by any given quantity from the ladius of the 
circle. Therefore the surface of a hemciphere is eqiwl to 
the product of its radius into the cncumference of ita base , 
and the surface of a spheie ts equal to the product of zd 
diameter into iti circumferenet 

Cor. 1. From this demonstration it follow thit thi sur 
face of any seymmit oi zone of a sphcie is equal to the 
product of the height ot the segment oi zone into the cir 
curaference of the sphere The suiface of the zone pro 
duced by the resolution ot the aic AB about ON is equal 
to ONxc"'C CP ^nd tbe surface of the segment pio- 

' Thomson's Legtndre, 9. 5. 
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duced by the revolution of BD about DN is equal to DNx 
eirc CP. 

Cor. 2. Tte surface of a spliere is equal to four times the 
area of a circle of the same diameter ; and therefore, the 
convex surface of a hembphere is equal to twice the area of 
its base. For the area of a circle is equal to the product of 
half the diameter into half the circumference ; (Art. 30.) 
that is, to -J the product of the diameter and circumference. 

Cor. 3. The surface of a sphere, or the convex surface 
of any spherical segment or aone, 
is equal to that of the circum- 
scribing cylinder, A hemis- 
phere described by the revolu- 
tion of the arc DBP, is cir- 
CTimsoribed by a cylinder pro- 
duced by the revolution of the 
paraJleJogram Di^CP. The con- 
vex surface of the cylinder is 
equal to its height multiplied 
by its circumference. {Art. 62.) 
And this is also the surface of '^ 
the hemisphere. 

So the surface produced by the revolution of AB is equal 
to that produced by the revolution of ab. And the surface 
produced by ED is equal to that produced by bd. 

I spliere 7930 miles in 

B there on its surface ? 

Ans. 197,558,500. 

2. If the circumference of the sun be 2,800,000, what ib 
his surface? Ans. 2,495,547,600,000 sq. miles. 

3. How many square feet of lead will it require, to cover 
B hemispherical dome irhose base is 13 feet across ? 

Ans. 265i-. 
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Ex. 1. Considering the earth a 
diameter, how many square miles 
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MENSURATION OF THE ePHBBB. 01 

Pkobleu VIII. 
To find the sovdjts of a sphere, 

70. 1. MdlTIPLY the O0BE 01- THK BIAMBTEB BY iSSSG. 

Or, 

2. Multiply tub squaub of the diambter bt f op the 

JlHCIiMPEBKKCE. 



3. Multiply t 

1. A sphere is two-thirds of its circumscribing cylinder. 
(Sup. Euc. 21. 3.)* The heiglit and diameter of the cylin- 
der are each equal to the diameter of the sphere. The solid- 
ity of tlie cylinder is equal to its height nniltiplied into the 
area of its base, (Art. 64.) that is putting D for the diam- 

DxD'X.7854 or D'x.'r854. 

And the solidity of the sphere, being -§ of this, is 

D'X.5236. 

2. The base of the circumscribing cylinder is equal to half 
the circumference nraltiplied into half the diameter ; (Art. 
80.) that is, if C be put for the circumference, 

-J-C X D ; and the solidity is iC X D'. 
Therefore, the solidity of the sphere is 
iofiOxD'=D'xiO. 

3. In the last expression, which is the same as CxD X iD, 

* Thomson's Legendre, 13, 8. 
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we may substitute S, the surface, for CxD. (Art. 60.) We 
then have the solidity of the sphere equal to 
SXfD. 

Or, the sphere roay be supposed to be fill d w th mall 
pyranads, standing on the surface of the sph and ha n 
their common vertex in the centre. The numb t th e 
may be such, that the difference between tl um a d th 
sphere shall be leas than any given quant! y The 1 dity 
of each pyramid is equal to the product ot t b nto \ 
of its height. {Art. 48.) The solidity of tl h 1 tl e 
fore, is equal to the product of the surfa e f th sphe e 
into -J- of its radius, or \ of its diameter, 

71. The numbers 3.14159, 7854, 6236, should be made 
perfectly familiar. The farst ei.pie'^ses the ratio of the 
circumference of a circle to the diameter; (Art. 23.) the 
second, the ratio of the area of a cuole to the square of the 
diameter (Art. 30.) ; and the thud, the ratio of the solidity 
of a sphere to the cube of the diametei The second is ■5- 
of the first, and the third is -^ of the first. 

As these numbers are frequently occurring in mathemat- 
ical investigations, it is common to represent the first of them 
by the Greek letter n. According to this notation, 

n=3.14159, i^=,7854, f^=.5236. 

If D=the diameter, and K=the radius of any circle oi 
sphere ; 

Then, D=2R D':=4R' D'=8R'. 

A-'i "^ \ ^&.periph. i"^' I ='^' -^ '^^^"^' I =the 
Ot,2n-R\ ^ ^ ornR'i the circ. or fTrR' J 

solidity of the sphere. 

Ex 1. What is the solidity of the earth, if it be a sphere 
7880 miles in diameter ? 

Ans. 261,107,000,000 cubic miles. 
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2. IIoiv many wine gallons will fill a hollow sphere 4 feet 
in diameter ? 

Ans. The capacity is 33.6104 feet=:250i gallons. 

3. If the diameter of the moon be 2180 miles, what isits 
soMty ? Ans. 5,424,600,000 miles. 

72. If the soKdity of a sphere be ^vm, the diameter may 
be fomid by reversing the first rule in the preceding article ; 
that is, dividing by .5236 and extracting the cube root of the 



Ex. 1. What is the diameter of a sphere whose solidity is 
06.45 cubic feet ? Ans. 5 feet. 

3. What must be the diameter of a globe to contain 16755 
pounds of water? Ans. 8 feet. 





Problem IX. 




To fii Ih coi. 

"• MllTlPLl 


ZZiZ 


Mr or iONB of 



For the demonsttation ot this rule see Art b9 

Ex 1 If the eirth be consideied % peifeet sphere 7930 
miles m diametpr and it the [ ohr incle be 3° 'R tr m the 
pole how nnny s^iuire m le are the e n ne f the frigid 



If PQOE be a meridian on the 
earth, AD 13 one of the polar circles, 
and P the poie ; then the frigid zone 
is a spherical segment described by 
the revolution of the arc APB about 
PD. The angle ACD subtended by 
the arc AP is 2S° 28'. And in the 
rififht angled triangle ACD, 
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K : AC : : COS AGD : 00=3637. 

Then, CP— CD =3965— 3637=3 2 8=PD the height of 
tlie segment. 

And 328X7930X3. 1415&=8171400 the siivfaco. 

2. If the diameter of the earth be 7930 miles, what is the 
suifaoe of the torrid zone, extending p 

23" 28' on each side of the equator ? 



If EQ be the equator, and GH one 
of the tropics, then the angle ECG is 
23' 28'. And in the right angled 
triangle GCM, 




R : CG : : sin EGG : GM=CN"=:578.9 the height of 
half the zone. 

The surface of the whole zone is 78S69700. 

3. What is the surface of each of the temperate zones ? 

The height DN=OP— ON— PD=2058.I 

And the surface of the zone is 5127.')O00. 



The surface of the two temperate zi 
of the two frigid zones 
of the torrid zone 
of the whole globe 



102,646,000 
18,342,800 
78,669,700 



Problem X. 
To find the solidity of a spherical s; 
74. Multiply the spherical ! 



The spherical sector produced by the revolution of ACBD 
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MBKSUBAHOK C 



n 




about CD, may be supposed to bo filled 

with small pyramids, standing on the 

spherical surface ADB, and terminating 

in the point 0. Their number may be 

so great, that the height of each a 

differ less than by any given 

from the radius CD, and the sum of their 

bases shall differ less than by any given 

quantity froro the surface ABD. The 

solidity of each is equal to the product of its base into ^ of 

the radius CD. (Art. 48.) Therefore, the solidity of all of 

tliem, that is, of the sector ADBO, is equal to the product 

of the spherical sui-faee into i of tte radius. 

Ex. Supposing the earth to be a 
sphere. 7980 miles in diameter, and 
the polar circle ADB to be 23° 28' 
from the pole ; what is the solidity of 
the spherical sector ACBP ? 

Ans. 10,799,867,000 miles. 




Problem XI. 
Tojlnd the solidity of a 

15. Multiply half the hbioi 
the are4 of the base, akd ti 
isto ,5236 ; and add the two 1 

As the circular sector AOBC consists of two parts, 
segment AOBP and the triangle p 

ABC; (Art. 35.) so the spherical 
sector produced by the revolution of 
AOG about 00 consists of two parts, 
the segment produced by the revolu- 
tion of AGP, and the c<me produced 
by the revolution of AGP. If then 
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72 MENSORATION OP THE 

the cone be subtracted from the sec- 
tor, the remainder will be the seg- 

Let CO=R, the radius of the sphere, I 
P'B=^r, the radius of the base of 

the segment. 
PO = k, the height of the segment, 
Then PC=R—k, the axis of the cone. 



The sector=2:TRxSxiR (Arts. 71, 13, T4.)=|iAR'. 
The cone^jir^XiiE^^) (Arts. 71, 66.)=inr'R—^irli^. 

Subtracting the one from the other. 

The segment =-iikR^ — inr'R+^ha^. 

EutDOxPO=BO= (Trig. 97.*)=PO=+PF' (Euc. 47. 1.) 




That is, 2Rft— A'+f" 



that, Il=- 



k'+r- 



■?i'+r\'' __h'+2h'r'+r' 



V 2A / 



Substituting then, for R and ] 
living the factors. 



', their values, and multi- 



The segment =-JiiA'+-iiiAr°+ ^- 



WLioh, by uniting the terms, becomes 

The first term here is ViX"*-', half the height of the seg- 
ment multiplied into the area of the base ; (Art. 71.) and the 
other A'X^". the cube of the height multiplied into .5236. 

• Euclid 31, 3, and 8, 6. Cor. 
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MGNSUHATION OF THE SPHKRE. 73 

If the segment be greater than a hemispliere, as ABD ; 
the cone ABC must he addtd Uj the sector ACBD. 

Let PD=A the height of the segment. 
Then PC=A— R the axis of the cone. 

The sector ACBD^fiAR' 
The cone^n)-'xi{A— R)=inAr'^nr'R 
Adding them together, we have as before. 
The segment =|.i7*Ii,' — \':r''B.-\-\7,hr'. 

Cor. The solidity of a spherical segment is equal to half a 
cylinder of the same hase and height + a sphere whose 
diameter is the height of the segment. For a cylinder is 
equal to its height multiplied into the area of its base ; and 
a sphere is equal to the cube of its diameter multiplied by 
.5336. 



Thus, if Oy he half 0«, the spher- 
ical segment produced by the revo- 
lution, of Oxt is equal to the cylin- 
der produced by tvyx ■\- the sphere 
produced by Qyxs ; supposing each 
to revolve oa the line Oa. 




Ex. 1. If the hdg-ht of a spherical segment he 8 feet, and 
the diameter of its base 25 feet ; what is the solidity ? 

Ans. (25)'X.7834X4+8'X. 5236-2231.58 feet. 

2. If the earth be a sphere 7930 miles in diameter, and the 
polar circle 23° 28' from the pole, what is the solidity of 
one of the frigid zones ? Ans. 1,303,000,000 miles. 
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To find the 
76, Fhom 



Problem SII. 
of a spherical zone or frustitin. 



Add 

ENDS, AND i 



r .5236. 



If from tlie whole sphere, there 
be talteii the two segments ABP and 
GHO, there will remain the zone 
or frustum ABGH. 

Or, the zone ABGH is equal to 
the difference between the segments 
GHP and ABP. 




Let KP=H j 
1)P=A, ( 
GN=Ei 



the heiffkix of the two segments. 



the radii of their b 



( (Art. 75.) 



AD=r 

DN^d^H — h the distance of the two bases, c 
height of the zone. 
Then the larger segment=itHR'+-jT,H= , 
And the smaller segment^Ji ft)'' +c''"^' 
Therefore the zone ABGH=-^ (aHR'+H'— SA?-'— A=) 
By the properties of the circle, (Euc. 35, 3.) 
ONxH=R=. Therefore, (ON+H)xH=R'+H' 

Or, OP^ R'+H' 
H 
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Therefore, 3Hx {r'+k'j^Shx (R'+H',) 

Or, 3H/'+3H/i'-— 3AR=— 3m==0. (Alg. I'ZS.) 

To reduce tlie expression for the solidity of the zone to 
the required form, without alteiing its value, let these terms 
be added to it : and it will become 

Which is equal to 

Or, as i" equals ,5236 (Art. 11.) and H— A equals d, 
The zoDG=.523ex3dX(B.''+r^+¥'-) 
Ex. 1. If the diameter of one end of a spherical zone is 
24 feet, the diameter of the other end 20 feet, and the dis- 
tance of the two ends, or the height of the zone 4 feet ; 
what is the solidity ? Ans. 1566.6 feet. 

2. If the earth he a sphere 7930 miles in diameter, and 
the obliquity of the ecliptic 23° 28' ; what is the solidity of 
one of the temperate zones ? 

Ans. 55,390,500,000 miles. 

3. What is the solidity of the torrid zone ? 

Ans. 147,720,000,000 miles. 

The solidity of the two temperate zones is 110,781,000,000 
of the two frigid zones 2,606,000,000 

of the torrid zone 147,720 , 000,000 

of the whole globe 261,107,000,000 

4. What is the convex surface of a spherical zone, whose 
breadth is 4 feet, on a sphere of 25 feet diameter? 
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5. What is the solidity of a spherical segment, whi 
height is 18 feet, and the diameter of its base 40 feet ? 



PROMISCUOUS EXAMPLES OF SCUDS, 

Ex. 1. How much water caji bo put into a cubical vessel 
three feet deep, which has been previously filled with cannon 
bails of the same size, 2, 4, 6, or 9 inches in diameter, regu- 
larly arranged in tiers, one directly above another ? 

Ans. 96^ wine gallons. 

2. If a cone or pyramid, whose height is three feet, be 
divided into three equal portions, by sections parallel to the 
base ; what will be the heights of the several parts ? 

Ans. 24.981, 6.488, and 4.551 inches. 

3. What is the solidity of the greatest square prism which 
can be cut from a cylindrical stick of timber, 3 feet 6 
inches ill diameter and 56 feet long?* 

Ans. 175 cubic feet. 

4. How many such globes as the earth are equal in bulk 
to the sun.; if the former is 7930 miles in diameter, and the 
latter 890,000? Ans. 1,413,6Y8. 

♦ The common rule for measuring round limlicr is to muIUply the 
equare of the qiiarter-girt by the length. The quarter-girt ia one-fourth 
of the circumference. This method does not give the whole solidity. It 
makes an alfowance of about onc-£!lh, for waste in hewing, bark, &c. 
The solidity of a cylinder ia equal to the product of the height into the 
Eireii of the base. 

If C=thB circumference, and t7=3.14159, then (Ait. 31.) 

If then the drcumference were dii'ided by 3.545, inatead of 4, and the 
quotient squared, the area of the base would be correctly tbond. Sm 
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6. How many cubic feet of wall are there in a conical 
tower 66 feet high, if the diameter of the base be 20 feet 
from outside to outside, and the diameter of the top 8 feet ; 
the thickness of the wall being 4 feet at the bottom, and de- 
creasing regularly, so as to be only two feet at the top ? 

Ans. 7188. 
G. If a metallic glohc filled with wine, which cost as much 
at S dollars a gallon, as the globe itself at 20 cents for every 
square inch of its surface ; what is the diameter of the globe ? 
Ans. 56.44 inches, 

7. If the circumference of the earth be 25,000 miles, 
what must be the diameter of a metallic globe, which, when 
drawn into a wire ij'ir of an inch in diameter, would reach 
round the earth? Ans. 15 feet and 1 hicli. 

8. If a conical cistern be 3 feet deijp, '1^ feet in diameter 
at the bottom, and 5 feet at the top ; what will be the depth 
of a fluid occupying half its capacity ? 

Ans. 14,585 inches. 

9. If a globe 20 inches in diameter, be perforated by a 
cylinder 16 inches in diameter, the axis of the latter passing 
through the centre of the former ; what part of* the solidity, 
and the surface of the globe, will be cut awayby the cyl- 

Ans, 3284 inches of the solidity, and 502,655 of the surface. 

10. What is the solidity of the greatest cube which can 
be cut from a sphere three feet in diameter ? 

Ans. 5-i- feet. 

11. What is the solidity of a conic frustum, the altitude 
of which is 36 feet, the greater diameter 16, and the lessor 



12. What is the solidity of a spherical segment 4 feet 
high, cut from a sphere 16 feet in diameter 1 
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SECTION V. 



)pEiiiMETJiy. 



Akt. V7. It is often necessary to compare a number of 
different figures or solids, for the purpose of ascertaining 
wbioh has the greatest area, within a given perimeter, or the 
greatest capacity under a given surface. We may have oc- 
casion to determine, for instance, what must be the form of 
a fort, to contain a given number of troops, with the least 
extent of wall ; or what the shape of a metaihc pipe to con- 
vey a given portion of water, or of a cistern to hold a given 
quantity of iic[«or, with the least expense of materials. 

73. Figures which have equal perimeters are called Tso- 
perimeters. When a quantity is greater than any other of the 
same class, it is called & nummwrn, A multitude of straight 
lines, of different lengths, may be drawn within a circle. 
But among them all, the diameter is a maximum. Of all 
sines of angles, which can be drawn in a circle, the sine of 



When a quantity is less than any other of the same class, 
it is called a minimum. Thus, of all straight lines drawn 
from a given point to a given str^ght line, that which is per- 
pendicular to the given line is a minimum. Of all straight 
lines drawn from a given point in a circle, to the circumfer- 
ence, the maaAmum and the minimum are the two parts of 
the diameter which pass through that point, {Euc. 7, 3.) 

In isoperimetry, the object is to determine, on the one 
hand, in what cases the area is a maximum,, within a given 
perimeter; or the capacity a moximum, within a given sur- 
face : and on the other hand, in what cases the perimeter is 
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It for a given area, or tlie surface i 
given capacity. 




I BD, and draw CH 



79. An Isosceles Triak&lb has a greater 
scalene triangle, of equal base and perimeter. 

gle whose equal sides are AC and ^ 
BC ; and if ABC be a scalene tri- 
angle on the same base AB, and 
having AC + BC = AC +BC ; 
then the area of ABC is greater 
than that of ABC. 

Let perpeudictdars be raised 
from each end of tlie base, extend 
AC to D, malie C'D' eijual to AC, joi 
and CH' parallel to AB. 

- As the angle CAB— ABC, (Euc. 5, 1.) and ABD is a right 
angle, ABC-f CBD=CAB-i-CDB=ABO+CDB. Therefore 
CBD=CDB, so that CD=CB ; and by construction, C'D'= 
AC. The perpendiculars of the equal right angled triangles 
CHDandCHB are equal; therefore, BII^iBD. In the 
same manner, AH'=iAD'. The line AD=AC-{-BC=AO' 
-|-BC=D'C+BC. But D'C+BC>BD'. {Euc. 20, 1.) 
Therefore, AI)>BD' ; BD>AD', (Euc. 47, 1,) and i BD> 
■i AD'. But iBD, or BH, is the height of the isosceles tri- 
angle; (Art. 1.) and ^AD' or AH', the height of the scalene 
triangle ; and the areas of two triangles which have the same 
base are as their heights. (Art. 8.) Therefore the area of 
ABC is greater than that of ABC. Among all triangles, 
then, of a given perimeter, and upon a given bise the isos 
celes triangle is a maximum 

Cor. Tiie isosoeles tningle has a lesa penmete') than any 
scalene triangle of the ^imi, base ind ir(,t The triangle 
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ISOPERIMBTHT. 



ABC being less than ABC, itis e 
former must be enlarged, to make 
of the latter. 



it the perimeter of the 
rea equal to the area 




PnOFOBXTiON II. 

80. A triangle in which two given, sides make a sionr 
ANGLE, Ims a greater area tlian any triangle in which the same 
sides make an oblique angle. 

If BO, BC'and BC" be equal, 
and if BC be perpendicular to 
AB ; then the right angled trian- 
gle ABC, has a greater area than 
the acute angled triangle ABC, or 
tlie oblique angled triangle ABC". 

Let P'C and PC" be perpen- 
dioulai- to AP. Then, as the " ' ^ 

three triangles have the same base AB, their areas are as 
their heights ; that is, as the perpendiculars BC, P'C, and 
PC". But BC is equal to BC', and therefore greater than 
P'C (Euo. il. 1.) BC is also equal to BC", aad therefore 
greater than PC". 

Peoposihos III. 

81. If all the sides bxobpt one of a polygon be given, 
the area will be the greatest, when the given sides are so dis- 
posed that thejigwe may be cjsoribbd in a skmicikclb, of 
which the undetermined side is the diameter. 

If the sides AB, BC, CD, DE, 
be given, and if tbeir position 
be such that the area, included 
between these 'and another side 
whose length is not determined, 
ia a maximum ; the figure may 
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be inscribed in a semicircle, of whieli the undetermined side 
AE is the diameter. 

Draw the lines AD, AC, EB, EC. By varying the angle 
at D, the triang-Ie ADE maybe enlarged or diminished, with- 
out affecting the area of the other parts of the figure. The 
wliole area, therefore, cannot be a maximum, unless this tri- 
angle he a maximum, while the sides AD and ED are given. 
But if the triangle ADE bo a maximum, under these con- 
ditions, the angle ADE is a right angle ; (Art. 80.) and 
therefore the point D is in the circuioference of a circle, of 
which AE 1^ the diametet (Euc 31 3) In the same min- 
nei it miy be pioied that the angles ACE and ABE ire 
right angles and theietorc that the points C and B aie in 
the circumfeienoe of the sime circle 

The teim 2 olyyo i s used 1 1 this ^ect on fo mclude trian- 
qlei, and four Ai led figue as well as other right hned 
figures 

8" The irea of a polygon inscribed in a semicircle m 
the manner stated above will not be altered by ■varjing the 
>dpr ot the gnen sides 

The sidet, AB BC CD DE are the Jwrrfs ot so 
mm; arcs The sum of these arcs., m whatevei oider 
they are arranged, mill evidently be equal to the semicircum- 
ference. And the segments between the ^ven aides and the 
arcs will be the same in whatever part of the circle they are 
situated. But the area of the polygon is equal to the area 
of the semicircle, diminished hy the sum of these segments. 

83. If a polygon, of which all the sides except one are 
given, he inscribed in a semicircle whose diameter is the un- 
determined side ; a polygon liaving the same given sides, 
cannot be inscribed in any other semicircle which is either 
greater or less than this, and whose diameter is the undeter- 
mined side. 

The given sides AB, BC, CD, DE, are the chords of arcs 
whose sum is 180 degrees. But in a larger circle, each 
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would be the chord of a less number of degrees, and there- 
fore the sum of the arcs would be less than 180° : and m a 
smaller circle, each would be the chord of a greater number 
of degrees, and the sum of the arcs would he greater than 
ISO''. 

Proposition IT. 

84. A polygon inscwbeh in a circle has a greater arm, 
than any polygon of equal perimeter, and the same iiumher of 
sides, which cannot he inscribed in a circle. 

If in the circle AOHF, (Fig, 30.) there bo inscribed a 




polygon ABCDEFG; and if another polygon abcdcfg (Fig. 
31.) he formed of sides which are the same in number and 
length, hut which are so disposed, that the figwe cannot be 
inscribed in a circle'; the area of the former polygOTi is 
greater than that of the latter. 

Draw the diameter AH, and the chords DH and EH. 
Upon de make the triangle deh equal and similar to DEH, 
and join a/t. The line ak divides the figure ahcdhefg into two 
parts, of which one at least cannot, by supposition, he in- 
scribed in a semicircle of which the diameter is AH, nor in 
any other semicircle of which the diameter is the undeter- 
mined side. {Art. 83.) It is therefore less than the cones- 
ponding part of the figure ABCDHEFG. (Art. 81.) And 
the other part of ahedhefg is not greater than the correspond- 
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ing part of ABCDHEFG-. Tterefore, the whole figure 
ABCDHEFG is greater than the whole figure abcdhefy. If 
from these there be taken, the equal triangles DEH AaAdeh, 
there will remain the polygon ABCDEFG gi-eater than the 
polygon ahcdefy. 

85. A polygon Qf which nil the sides a o g e n um- 
ber and length, cannot be inscribed in c cles of d Se e it 
diameters. (Art. 83.) And the area of the polygo will ot 
be altered by changing the order of the sid ( ^ t 8'' ) 

Peoposimon v. 

80. When a polygon Jias a greater area fham any other, of 
the same nuntber of sides, and of equal perimeter, the sidesare 

EQUAL. 

The polygon ABCDF (Fig 39 ) ^ 

cannot be a manmum, among all 
polygons ot the same numbet of 
sides, and of equal peiimeters, rai 
less it be equilateral Foi if any 
tno of the adea, as CD ind FD, 
aie unequal, let CH and FH be 
equal, and their sum the same at, 
the &um of CD ind FD The 

nosceles tjiangle CHF is gioatcr than the scalene triangle 
CDF (Art 79), and theiefoie the polygon ABCHF is 
gieLtei than fhi poljgon ABCDF, ^o that the latter is not 




Proposition VI. 

87. A REGULAR FOLYOON has a greater area, than any 
oiksr polyffOTi of equal perimeter, and of the same number of 



Hosiecb, Google 




84 IBOPEKlMETRr 

For, by the preceding article, the polygon which is a mass- 
ivmm among others of equal perimeters, and the same num- 
ber of sides, is equilateral, and by Art. 84, it may be in- 
gcrihed in a circle. But if a poly- 
gon inscribed in a circle is equilat- 
eral, as ABDFGH, it is also equian- 
gular. For the sides of the polygOQ 
are tlie bases of so many isosceles 
triangles, whose common *ertex it 
the centre C. The angles af these 
bases are all equal ; and two of them, 

as AHC and GHC, are equal to AHGt one of the angles of 
the polygon. The polygon, then, being equiangular, as weD 
as equilateral, is a regular polygon. (Art. 1. Def. 2.) 

Thus an equilateral triangle has a greater area, than any 
other triangle of equal perimeter. And a square has a 
greater area than any other four-sided figure of equal pe- 



Cor. A regular polygon has a less perimeter than any 
other polygon of equal area, and the same number of 
sides. 

For if, with a given perimeter, the regular polygon is 
greater than one which is not regular ; tt is evident the pe- 
rimeter of the former must be diminished, to make its axes. 
equal to that of the latter. 



Prop OS mo [T VII. 



88, If a polygon he TysiORTBEn about a cikcle, ;^e ar 
of the two figures are as their penmeters. 

Let ST be one of the sides of a polygon, either regular 



Hosiecb, Google 




ISOPERIllBTRr. 

not, which is described about the cir- 
cle LNK. Join 08 and OT, and 
to the point of contact M draw the 
radius OM, whicii will be perpen- 
dicular to ST. (Euc. 18, 3.) The 
triangle 08T is equal to half the 
base ST midtiplied into the radius 
OH ( \it 8 ) And it lines he 
dr'iwn 111 the name mannei from 

the centie of tie cncle to the e\tienitiei of the sei 
eril sidea ol the uicumsoribed poljg ii eich of the tiian 
gles thus formed iviil be eqial to hilf its ba=i, multiplied 
into the radius of the circle Therefore the area of the 
whole johgon is equal to half its perimefet mulfiphi,d into 
the jadius and tlie arei ol the circle ib ejual to half its cir 
cumfeience multiplied into the ladms. (Art 30.) So that 
the two areas aie to each other as their perimeters. 

Cor. 1. If different polygons are described about the 
satne circle, their areas are to each other as their perimeters. 
For the area of each is equal to half its perimeter, multi- 
plied into the radius of the inscribed circle. 

Cor. 2. The tangent of an arc is always greater than the 
arc itseif. The triangle GMT is to OMN, as MT to MN. 
But OMT is greater than OMU, because the former includes 
the latter. Therefore, the tangent MT is greater than the 
arcMN. 



Proposition VIII. 

89. A CIRCLE has a greater area than any folygon of equal 
petimeter. 

If a circle and a regular polygon have the same centre, 
and equal perimeters ; each of the sides of the polygon 
must fall partly within the circle. For the area of a circum- 
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greater than tliat of 



\ 


/o 1 


v^l 


V 



ecribiiig polygon is greater than the area of the circle, 
the one includes the othei and therefore, by the 
article, the jjf»imb(« of the ftrmei 
the latter. 

Let AD then he one side of ^ 
regular polygon whose peLimetei 
is equal to the cnctimfei nee tf 
the circle RLN" As thn f lis 
partly within the eiii.le the pei 
pendiciilar OP is less thin the 
radius OR. But the aiea ol thp 
polygon is equ<il to half its pe 
limeter multiplied into this pei- 
pendicular (Art. 16.) ; and the area of the circle is equal to 
half its circumference multiplied into the radius. (Art. 30.) 
The circle tlien is greater than the given regular polygon ; 
and therefore greater than any other polygon of equal pe- 
rimeter. (Art. 37.) 

Cor. 1. A circle has a less perimeter, than any polygon of 

Cor. 2. Among regular polygons of a given perimeter, 
that wliich has the greatest number of sides, has also the 
greatest area. For the greater the number of sides, the 
more nearly does the perimeter of the polygon approach to 
a coincidence with the circumference of a circle. 

pROPoaii'iON IS. 



80. A right pbism whose bases are regular polygons, has 
a kss surface than any other Hght prism of the same solidity, 
the same alHtude, and the same number of sides. 

If the altitude of a prism is given, the area of the hase is 
as the solidity (Art. 43.) ; and if the number of sides is 
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also given, the perimeter is a mtnimvm when the base is a 
regular polygon. (Art. 87. Coi ) But the lateral surface is 
as the perimeter. (Art. 4'7.) Of tno right prisms, then, 
which have the same altitude, the same solidity, and the 
same number of sides, that whose bases are regular polygons 
has the least lateral surface, while the areas of the ends are 
equal. 

Gov. A right prism whose bases are regular polygons has 
a greater solidily, than any other right prism of the same 
surface, the same altitude, and the same number of sides. 



Proposition X. 

91. A riffkt crLiNnna hag a le^s surface ti'Mtt any right 
prism, of the same attitude and solidity. 

For if the prism and cylinder have the same altitude and 
solidity, the areas of their bases are equal. (Art. 64.) But 
thepen'meiej' of the cylinder is less, than that of the prism 
(Art. 89. Cor. I.) ; and therefore its lateral surface is less, 
while the areas of the ends are equal. 

Cor, A right cylinder has a greater solidity, than any right 
prism of the same altitude and surface. 

Pboposition XI. 

92. A COBB Aa* a less surface than any other right paral- 
lelopiped of i/te same solidcly 

A parallelepiped is a prifm, any one of whose faces may 
he considered a base. {Art. 41. Def. I and V.) If these are 
not all squares, let one which is not a square be taken for a 
base. The perimeter of this may be diminished, without 
altering its area (Art, 87. Cor,); and therefore the surface 
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of the solid may be diminished, without altering ita altitude 
or solidity. (Art. 43, 47.) The same laay be proved of 
each of the other faces which are not squares. The surface 
is therefore a minimum, when all the faces are squares, that 
is, when the solid is a cuie. 

Cor. A cube has a greatei- solidity than any other right 
parallelopiped of the same surface. 

Proposition XII. 

93. j4 CUBB has a greater solidity than any other right par- 
allelopiped, the sum of whosf- length, breadth and depth, is equal 
to tke sum of the corresponding dimensions of the cube. 

The solidity is equal to the product of the length, breadth, 
and depth. If tlie length and breadth are unequal, the 
solidity may be increased, without altering the sum of the 
three dimensions. For the product of two factors whose 
sum, is given, is the greatest when the factors are equal, . 
(Euc. 27. C.) Ill the same mannsr, if the breadth and 
depth are unequal, the solidity may be increased, without 
altering the sum of the three dimensions. Therefore, the 
soKd cannot be a maximum, unless its length, breadth, and 
depth are equal, 

pBOPOsmoN Sin. 

94, If a PM8M BE DESCRIBED ABOUT A CTLINBER, the 

capoMties of the two solids are as their surfaces. 

The capaeities of the solids are as the areas of their bases, 
that is, as the perimeters of their bases. (Art. 88.) But the 
lateral surfaces are also as the perimeters of the bases. 
Therefore the whole surfaces are as the solidities. 

Cor. The capaeities of different prisms, described about 
the same right cylinder, are to each other as their surfaces. 
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Proposition XIV. 

95. A nght cylinder whose hbigiht is bqital to the 
DIAMETER OP ITS BASE has o, greater solidity than any other 
right cylinder of equal surface. 

Let C be a right cylinder whose height is equal to the di-^ 
iimeter of its base ; and C another right cylinder having the 
same surface, but a different a,ltitude. If a square prisM V 
be described about the former, it will be a cube. But a 
square prism P' described about tbe latter will not be a cube, 

Then the surfaces of C and P are as their bases (Art. 47. 
und 88.) ; which are as the bases of C' and P', (Sup. Euc. 
V, 1.); so that, 

mrfC :s«rfr::baseG : baseP:: hose C : baseV :: surf C". 
surfP'. 

But tbe surface of C is, by supposition, equal to tbe sur- 
face of C. Therefore, fAlg. 895.) the surface of P is equal 
to the surface of P'. And by the preceding article, 

solid P ; solid C : : smj/P : mr/G : . surfV' : mrfQ' : : solid 
P' : solid C. 

But the solidity of P is greater than that of P'. (Art. 92. 
Cor.) Therefore the solidity of is greater than that of C. 

Schol. A right cylinder whose height is equal to the di- 
ameter of i(s base, is that which ctrcamscriies a sphere. It 
is also called Archimedes' cylinder; as he discovered tlie 
ratio of a sphere to its circumscribing cyKnder ; and these 
are the figures which were put upon his tomb. 

Cor. Archimedes' cylinder has a les-. surface, than any 
other right cylinder of tbe same capacity. 
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Proposition XV. 

96. I/a seSEBX. bb ciboumsoribbd 5y o solid bounded bi/ 
plane sv/rfaces ; the citpadUes of the two solids are as their 

If pianes be supposed to be drawn from the centre of the 
sphere, to each of the edges of the circumscribing soHd, 
they will divide it into as many pyramids as the solid has 
faces. The base of each pyramid will be one of the faces ; 
and the height will be the radius of the sphere. The 
capacity of the pyramid will be equal, therefore, to its base 
multiplied into -J of the radius (Art, 48.); and the capacity 
of the whole oivciimscribing solid, must be equal to its whole 
surface multiplied into -^ of the radius. But the capacity of 
the sphere is also equal to its surface multiplied into -^ of ita 
radius. (Art. 70,) 

Cor. The capacities of different solids circumscribing^ the 
same sphere, are as their surfaces. 

pAOPoaiTioN XVI 

97. ^ePHBRsSa pa Id j h ^ g I ] }y 
edron of equal surfa 

If a sphere and gul p 1} d h th n n 

and equal surfaces Iftbf Itlpll mt 

fall partly viilkin tl j 1 F tl 1 d y f 

scribing solid is gr t tl th 1 d t> f th ph 

the one includes th th 1 tl 1 b J p d g 

article, the surface f th f m g t th tl t f th 
latter. 

But if the faces f th p Ij d n f 11 p tlj t! tl 

sphere, their pcrpe dldt fmth tmtb 

less than the radiu A d th f t th urta f th 
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polyedron be only equal to that of the sphere, its solidity 
must be less. For the solidity of the polyedron is equal to 
its siirfiice niiiltiplied into -J- of the distaiiGC from the centre. 
{Art. 59.) And tlie solidity of the sphere is equal to its 
surface multiplied into i of the radius. 

Cor. A sphere has a hss surface than any regular poly- 
edron of the same eapacity. 
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GAIT&ING OF CASKS. 

Am. 119. Gauoin& is a practical art, which does not ad- 
mit of being treated in a very scientific manner. Casks are 
not commonl)' constructed in exact coiifoirnzty with any reg- 
ular mathematical figure. By most writers on the subject, 
however, they are considered as nearly coinciding with one 
of the following forms i 

[ The middle frustum 



of a spheroid, 

of a parabolic spindle. 

,' > The equal fi-ustums ] r 

i. ) ^ ( of a cone. 

The second of these variHties agiees moie neatly than any 
of the others, with the foims of casks, as tbe\ ate i,oin 
raonly made. The first is too mu h curied the thud too 
little, and the fourth not it all, from the held fo the bung 

120. Rules have already bepn gnen, foi finding the (■■ipa 
city o£ each of the four \axieties of casks. (Arts. 68, IIO, 
112, 118.) As the dimensions are takenln *ncAes, these rules 
will give the contents in cubic inches. To abridge the com- 
putation, and adapt it to the particular measures used in 
gauging, the factor .'7854 is divided by 282 or 231 ; and 
the quotient is used instead of .7854, for finding the capa- 
city in ale gallons or wine gallons. 
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H"ow^^rr-=.002'385, or .0028 nearly; 

And -I^^.OOSl 
231 

If then .0028 and .0034 be substituted for .7854, in tlie 
rules referred to above ; tte contents of the cask will be 
given in ale gallons and wine gallons. These numbers are 
to each, other nearly as 9 to 11. 

Phoblem I. 

To calculate the contenis of a cask, in the form of a middle 
frustum of a sphkeoid. 

121. Add together the square of tlie head diameter, and 
twice the square of the bung diameter : multiply the sum by 
% of tlie length, and tlie product by .0028 for ale gallons, or 
by .0034 for wine gallons. 

If D and <^=the two diameters, and ;=the length; 
The capacity in inohes=(3D'+<f)Xi^X.'?864. (Art. 110.) 
And by substituting .0028 or .0034 for .7854, we have 
the capacity in ale gallons or wine gallons. 

Ex. What is the capacity of a cask of the first form, 
whose length is 30 inches, its head diameter 18, and ite bung 
diameter 24 ? 

Ans, 41.3 ale gallons, or 50.2 wine gallons, 

PaOBLEM II. 

To calculate the contents of a casJc, in the form of the mid- 
dle frustum of a fas. asqiao BPIBBLB, 

122. Add together the square of the head diameter, and 
twice the square of the bung diameter, and from the sum 
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Bubtract -| of the square of the difference of the c 
multiply the remaindev hj" -J- of the length, and the product 
by .0028 for ale gallons, or .0034 for wine gallons. 

The capacity in inches ={2D^+d'—l {D—dfjxilX 
.7854. {Art. 118.) 

Ex. What is the capacity of a cask of the second form, 
whose length is 30 inches, its head diameter IS, and its 
bung diameter 24 ? 

Ans. 40,9 ale gallons, or 49.7 wine gallons. 

Problem III. 
To calculate the contents of a cash, in the form of two equal 

123. Add together the square of the head diameter, and 
the square of the bung diameter ; multiply the sum by haJf 
the length, and the product by .0028 for ale gallons, or 
.0034 for wine gallons. 

The capacity in inches =(D'+rf')xi^X-'?8o4. (Art. 112 
Cor.) 

Ex. What is the capacity of a cask of the third form, 
whose dimensions are, as before, 30, 18, and 24^? 

Ans. 37.8 ale gallons, or 45.9 wine gallons. 

PltOBlEM IV. 

To ealaviate the contents of a cask, in the form of two equal 
frustums of a cone. 

124. Add together the square of the head diameter, the 
square of the bung diameter, and the product of the two 
diameters ; multiply the sum by i of the length, and the 
product by.0028 for ale gallons, or .0034 for wine gallons. 
The capacity in inches=(D'+rf'+Dt;)Xt^X.'7854. (Art. 68.) 
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Ex. Wtat h till, capicit; of a la^k ot the fourth form, 
whose I'-Dgth IS 00 md its diamtttro 18 and 24 " 

\.iis Si 3 lie gtUons 01 45 3 nine gallons, 

125. Tl:c piet-eding rules though coirect m theory, are 
not vet', well adapted to piicfice as they suppoBe the form 
of the iMsk to be known The two following rules, taken 
from Hultjiia Mensurition ma^ be used foi casks of the 
usual furms Foi the hist thne dimtnaions ire required, 
the length the head diameter -md the bung diameter. It 
is evident that no allowance is made by this for different 
degrees of lunituie fiom the head to the bung If the 
cask is moie jr less cuived than, usual the tollowing rule is 
to be preferted for which font dimensions are required, the 
head and bung diameters and a thud diameter taken in the 
middle between the bung ind the head toi the demon- 
stration of these lulca sec Hutton s Mensuration Part V. 
Sec. a. Ch 5 and 1 

Problem V. 

To calculate the contents of any common easJc, from three 
dime'iisions. 

126. Add together 

"6 times the square of the head diameter, 
39 t mes the square of the bung diameter, and 
b t mea the product of the two diameters ; 
Mult pi th sum by the length, divide the product by 90, 
a d mult ply the quotient by .0033 for ale gallons, or .0034 
f wn all s. 
The capacity in inches=(39 I>'+25d''+-2&Bd)x —X-ISSi, 

Ex. What is the capacity of a cask whose length is 30 
inches, the head diameter 18, and the bung diameter 24 1 
Ans. 39 ale gallons, or Hi wine gallons. 
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S'o calculate the contents of a cask from, fodr dimensions, the 
length, the head and bunff diameters, aiid a diumelei token- 
in the -middle between the head and the hung 

127. Add together the squares of (he held diametei, of 
the biing; diameter, and of double the Enddle diameter, 
multiply the aum by -J- of the length, ind the product by 
.0028 for alft gallons, or .0034 for wme gallons 

If D=the bung diameter, rf=;the head diamefei, jra=the 
middle diameter, and i=the length ; 

The capacity in inches— {D'+ii°+2m^Xj^X.7854. 

Ex. What is the capacity of a cask, whose length is 30 
inches, the head diameter 18, the hung diameter 24, and the 
middle diamet«r 22^ ? 

Alls. 41 ale gallons, or 49| wine gallons, 

128. In mailing the calculations in gauging, according to 
the preceding rules, (he multiplications and divisions are fre- 
quently performed hy means ot a bhdmg Rule, oa which 
are placed a numbei of hgxnthmic lines similar to those on 
Gunter's bcale See TiigDnometry Sec VI., and Note C. 
p. 149, 

Another instrument commonly used in gauging is the 
Diagonal Rod By this the capar itj of a cask is very ex- 
peditiously found, from •» single dimension, the distance from 
the huTig to the intersection of the opposite stave with the 
head; but this process is not considered sufficiently accurate 
for casks of a capacity exceeding 40 gallons. The measiire 
is taken by extending the rod through the cask, from the 
bung to the most distant part of the head. The number of 
gallons corresponding to the length of the lino thus found, is 
marked on the rod. The logarithmic lines on the gauging 
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e to be used in tlie same manner, as on the sliding 



129. Wiicn a CEsk i j>a ily hllp \ th wh le cif cih is 
divided, by the surfa e ot the liquit into twi po ti n^ the 
leitU of wliich, Tvhether full o empty is called the ullage 
In finding the ullagp the cask is supposed to be m one of 
two positions ; eithei sta i Ivng with its a\is perpendicular to 
the horizon ; oi" li/mg with its axis panllel to the honzon 
Tiie rules for ullage which are exact particulaily those for 
lying casks, are too comphc'ited for ojmra n usl The fol 
lowing are considered as suflicientJy near ipjiosimitions. 
See Hutton's Menamation 



To calculate the ullage of a stanmng cask. 

130. Add together the squares of the diameter at the sur- 
face of the liquor, of the diameter of the nearest end, and 
of double the diameter in the middle between the other two ; 
multiply the sum by -j- of the distance between the surface 
and the nearest end, and the product by .0028 for ale gal- 
lons, or .0034 for wine gallons. 

If D=;the diameter of the surface of the liquor, 
d^t'b.t diameter of the nearest end, 
Wiethe middle diameter; and 

Z=the distance between the surface and the nearest end ; 
The ullage in inches=(D'+i^'+2m^)Xi?X-'i'854. 

Ex. If the diameter at the surface of the liquor, in a stand- 
ing cask, be 32 inches, the diameter of the nearest end 24, 
the middle diameter 29, and the distance between the sur- 
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face of the liquor and tlie nearest end 12 ; what is the ul- 
lage? Ana. 21-^ ale gallons, or 33-f wine gallons. 



To calculate the vllage of a lyinc; cask. 

131. Divide the distance from the hung to the surface of 
the liquor, by the whole bung diameter, find the quotient in 
the column of heights or versed sines in a table of ciiculav 
segments, take out the coiTOsponding segment, and muKjply 
it by the whole capacity of the cask, and the product by l-J- 
for the part which is empty. 

If the cask be not half full, divide the depth of the liquor 
by the whole bung diameter, take out the segnient, multiply, 
Ac, for the contents of the part which is full. 

Ex. If the whole capacity of a lying cask be 41 ale gal- 
lons, or 49-g wine gallons, the bung diameter 24 inches and 
the distance from the hung to the surface of the liquor 6 
inches ; what is the ullage ? 

Ans, 7f ale gallons, or 9J- wine gallons. 
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NOTES, 



Note A. p, 39. 

The term solidity is used bere in the customary aense, to 
express the magnitude of any geometrical quantity of three 
dimensions, length, breadth, and thicliness ; whether it be a 
Roiid body, or a fluid, or even a portion of empty space. This 
use of the word, however, is not altogether free from objec- 
tion. The same term is applied to one of the general prop- 
erties of matter ; and also to that peculiar quality by which 
certain substances are distinguished from Jimds. There 
seems to be an impropriety in speaking of the solidity of a 
body of water, or of a vessel which is empty. Some writers 
have therefore substituted the vrorAvolwrne for solidity. But 
the latter term, if il be properly defined, may be retained 
without danger of leading to mistake. 

JTOTB B, p. 1&. 
The following simple rule for the solidity of round timber, 
or of any cylinder, is nearly exact : 
Multiply the length into twice the square of J of the drcum- 

If C=the circumference of a cylinder; 

Th. .,» of .h. b™e=2=jj§;^ B.. 2( J)'=j51 

It is common to measure hewn timber, by multiplying the 
length into the square of the qtiarter-ffirt. This gives ex- 



Hosiecb, Google 



100 KD1E3. 

actly the soliditj of a parallelopiped, if tlie ends are squares. 
But if tiie end^ aie panlltlograms the area of each is less 
than the square of the quartei girt {Euc. 27. 6.) 

Timber which is ta^enng miy he exactly measured by the 
rule for the tmstum of a pyiamid or cone {Art. 50, 68.) ; 
or, if the ends are not sinuhr figui es by the rule for a pris- 
moid. (Art. 55.) But for common purposes, it will be suf- 
ficient to multiply the length by the area of a section in the 
middle between the two ends. 
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N. B. In the following table, in (he last nine columns of each page, 
where the liret or leading figures change from 9's to O's, points or dots 
are introduced inalead of the O's through the rest of the Une, to catch 
the eje, and to indicate that from thence the Hnnaxed first two figures 
of the Logarithm in the second column stand in the next lower lino. 
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